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Chapter 8

Analytic Geometry in Two and Three Dimensions

H Section 8.1 Conic Sections and Parabolas 2. y

10+

Exploration 1 -
1. From Figure 8.4, we see that the axis of the parabola is
x = 0. Thus, we want to find the point along x = 0 that -

is equidistant from both (0, 1) and the line y = —1. Since 10

the axis is perpendicular to the directrix, the point on the | [Fe.-2)
directrix closest to the parabola is (0, 1) and (0, —1), it -
must be located at (0, 0). [ |x=2

2. Choose any point on the parabola (x, y). From figures 8.3
and 8.4, we see that the distance from (x, y) to the focus The equation of the axis is x = 2.

isd,=V(x—072+ (y—12= V2 + (y — 17 3. y

and the distance from (x, y) to the directrix is ok
dy = N(x—x) + (y = (1) = V(y + 1)". i
Since d, must equal d,, we have i y=4
=Va+G—-12=Vy+1?2=d, -lve
(-1 =(y+ 1)y o
PAHyY—2y+1=y+2y+1 L [Fe.2)
x? =4y L
x: =yorx*=4 L x=2
4 y y

3. From the figure, we see that the first dashed line above
y = 0is y = 1, and we assume that each subsequent

4. Since the focus (h, k + p) = (2, —2) and the directrix
y=k—p=4wehavek + p=—2andk — p = 4.

dashed line increases by y = 1. Using the equation above, Thus, k = 1, p = —3. As a result, the focal length p is —3
x? x? x? x? x? and the focal width 14pl is 12.
wesolves1=—2=-—3=—4=—5=—, ) . ) . .
4 4 4 4 4 5. Since the focal width is 12, each endpoint of the chord is
6 = X to find: 6 units away from the focus (2, —2) along the line y = —2.
Ty o Hind: The endpoints of the chord, then, are (2 — 6, —2) and
{(_2\/6, 6) ( 2\[ 5), ( , ), (_2\[ 3) (2 + 6, —2), or (_4,_2) and (8, —2)
(_2\/2’ 2)’ (_ ) ( )’ ( > )7 (2\[ 2) (2\/§7 3)’ Y
(4.4), (2V5,5), (2V6,6)} or
Exploration 2 | v=d
1 y T R i ‘/I(Z,I 1>| 1
10 ® B o 10 i
i A4, -2) | |Fe, 72)\3(8 )
- y=4 :
L |x=2
1 1 1 1 1 - 1 1 1 1 llo X
L F2,-2) 6. ¥
L 10k
L o "
1 1 1 1 L ; V(z )I 1
A(-4,-2) L 10"
L |F(2,-2) B(8, -2)
: x=2
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7. Downward
8. h=2p=-3k=1s0(x—2)?%=—-12(y — 1)

Quick Review 8.1
LVe—(-1))P+(5-37=V0+4=VI3

2. Vi(a—272+ (b + 3)>

.y2=4x,y= + 2Vx

Ly =5x,y = + V5x

Ly +T=—(x*—2x),y+7—1=—(x—1)%
y+6=—(x—1)7?

wn A W

9 3\?
6.y+5=2(x2+3x),y+5+f=2(x+7)

2
19 3\2
+ 2 =2(x+=
) (’“ 2>

. Vertex: (1, 5). f(x) can be obtained from g(x) by
stretching x? by 3, shifting up 5 units, and shifting right
1 unit.

|

|
[—3,4] by [—2,20]

8. Vertex: (3,19). f(x) = —2(x — 3)> + 19. f(x) can be

obtained from g(x) by stretching x° by 2, reflecting across

the x-axis, shifting up 19 units and shifting right 3 units.

/l \

[—2,7] by [—10, 20]

9. f(x) =a(x+ 1>+ 3,0l =a+3,a=—-2,
f(x) = —2(x + 1)2 + 3.

10. f(x) = a(x —2)> — 5,5013 =9a — 5,a = 2,
fx) =2(x =2 =5

Section 8.1 Exercises

6 3 3
Lk=0h=0p= i E.Vertex. (0, 0), Focus: (0,5
. . 3 . 3
Directrix: y = —E,Focal width: |4p| = 4-5 =6

—8
2.k=0,h=0,p= e = —2. Vertex: (0, 0),

Focus: (—2, 0), Directrix: x = 2,
Focal width: |4p| = |[4(—2)| = 8

4
3. k=2h=-3,p= i 1. Vertex: (—3,2),

Focus: (—2,2), Directrix: x = —3 — 1 = —4,
Focal width: |4p| = |4(1)|] = 4.

)

—6 -3

4k =—1h=—4p=-"= " Vertex: (4-1),

5.

6.

7.
8.
9.

4

-5 -3 1
Focus: (—4,7),Directrix: y=—1— (7) ==
-3
4{—— )| =6
(3)

1
= sop= 3 Vertex: (0,0),

Focal width: ‘4p’ =

k=0,h=04p =

1
—, Focal width:

1
Focus: (0, —*), Directrix: y = 3

3

—4 4
4 = _ = —
‘ p’ ‘( 3 )‘ 3
16 4
k=0,h=0,4p = —,so p = —. Vertex:
5 5
4

4
Focus: (gO) Directrix: x = —g,

(07 0)7

Focal width: ‘4p’ =
(c)

(b)
(a)

10. (d)
For #11-30, recall that the standard form of the parabola is

dependent on the vertex (h, k), the focal length p, the focal
width ]4p ,and the direction that the parabola opens.

11. p = —3 and the parabola opens to the left, so

12.
13.

14.

15.
16.
17.

18.

19.

20.

21.

22.

¥y = —12x.
p = 2 and the parabola opens upward, so x*> = 8y.

—p = 4 (so p = —4) and the parabola opens downward,
so x> = —16y.

—p = —2 (so p = 2) and the parabola opens to the right,
so y* = 8x.

p = 5 and the parabola opens upward, so x* = 20y.

p = —4 and the parabola opens to the left, so y* = —16x.
h =0,k =0,|4p| = 8= p = 2 (since it opens to the
right): (y — 0)*> = 8(x — 0); y* = 8x.
h=0,k=0,|4p| = 12=> p = —3 (since it opens to
the left): (y — 0)> = —12(x — 0); y* = —12x

h=0k=0,

3
4p| =6=p = — (since it opens
downward): (x — 0)> = —6(y — 0);x*> = —6y

3
h=0,k=0,4p| =3=p = 1 (since it opens upward):

(x = 0)*=3(y — 0); x> = 3y

h=—4k=—4,—2 = —4 + p,so p = 2 and the
parabola opens to the right; (y + 4)> = 8(x + 4)
h=-5k=26,6+ p=3,s0p = —3 and the parabola
opens downward; (x + 5)> = —12(y — 6)



23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Parabola opens upward and vertex is halfway between
focus and directrix on x = h axis,so & = 3 and

4 4+ 1 5 5 3
k="p =ypl=y - psop=y.

(w=3r=o(y-3)

Parabola opens to the left and vertex is halfway between
focus and directrix on y = k axis,so k = —3 and
h—2+5—7'5—7— _ 3

Ty T YTy perTTy

(y +3)?= —6<x - %)

h=4k =36 =4 — p,so p = —2 and parabola opens
to the left. (y — 3)*> = —8(x — 4)
h=3,k=5;7=15— p,sop = —2and the parabola
opens downward. (x — 3)> = —8(y — 5)

h=2k= = 16 = p = 4 (since it opens
upward): (x — 2)> = 16(y + 1)
h = -3, = 20= p = —5 (since it opens
downward): (x + 3)> = —20(y — 3)

5
h=-1k= =10=p= —E(since it opens

to the left): (y + 4)> = —10(x + 1)

h=2k=3

5
=5=p= 1 (since it opens to the
right): (y — 3)> =5(x — 2)

Y
5

T Y Y

/\

34.

3s.

36.

37.

38.

39.

Section 8.1 Conic Sections and Parabolas
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-
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TTTTTTTTTTT
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10

44by -2,18]

[

[—10, 10] by [—8, 2]

—
—

[=8,2] by [-2,2]

=
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40.

41.

42.

43.

44.

45.

46.

L/f/
—

[—2,8] by [—

—10, 15] by [—

—12,8] by [ 213

T

[-2, 6] by [-40, 5]

[—15,5] by [-15,5]

r/
N

[-22, 26] by [-19, 13]

\

[-17, 7] by [-7, 9]

47.

~]
|

[-13, 11] by [-10, 6]

R

[-20, 28] by [-10, 22]

49. Completing the square produces y — 2 = (x + 1)2. The
vertex is (h, k) = (—1, 2), so the focus is

1
(h,k + p) = (—1,2 +Z) = (—1,%),andthe

1 7
directrixisy =k —p =2 — - = —
irectrix is y p 1° 1

7
50. Completing the square produces 2(y - 8) = (x — 1)

7
The vertex is (h, k) = (1, g), so the focus is

7 1 5
(h,k + p) = (1,* + 7) = (1,*), and the directrix is
6 2 3
7
6

51. Completing the square produces 8(x — 2) = (y — 2)
The vertex is (h, k) = (2, 2) so the focus is
(h+ p,k) = (2+ 2,2) = (4,2), and the directrix is
x=h—p=2-—-2=0.

52. Completing the square produces

13
—4(x - 7) = (y — 1)> The vertex is

(h, k) = (E , 1) so the focus is

13 9
(h+p,k) (7—1 1) (Z,1>,and

13 17
the directrixisx = h — p —I-i- 1 _I
53. h = 0, k = 2, and the parabola opens to the left, so
(y — 2)? = 4p(x). Using (—6, —4), we find
36
(—4 — 2)* = 4p(—6)=4p = e = —6. The equation

for the parabola is: (y — 2)* = —6x
54. h = 1, k = —3, and the parabola opens to the right, so

11
(y + 3)> = 4p(x — 1). Using (7,0), we find

11 2
(0 —3)2 = p(? - 1):4p = 9-5 = 2. The equation

for the parabola is: (y + 3)* = 2(x — 1).
55. h = 2, k = —1 and the parabola opens down so
(x —2)* = 4p(y + 1). Using (0, —2), we find that
(0 —2)>=4p(—2 + 1),s04 = —4pand p = —1.
The equation for the parabola is: (x — 2)? = —4(y + 1).



56.

57.

58.

59.

60.

61.

62.

63.

h = —1, k = 3 and the parabola opens up so

(x + 1)> = 4p(y — 3). Using (3, 5), we find that
(3+1)2=4p(5—3),5016 = 8pand p = 2. The
equation for the parabolais (x + 1) = 8(y — 3)
One possible answer:

If p is replaced by —p in the proof, then the result is

x> = —4py, which is the correct result.

One possible answer:

Let P(x, y) be a point on the parabola with focus (p, 0)
and directrix x = —p. Then V/(x — p)> + (y — 0)2 =
distance from (x, y) to (p, 0) and

V(x — (=p))* + (y — y)* = distance from (x, y) to
line x = —p. Because a point on a parabola is equidistant

from the focus and the directrix, we can equate these dis-
tances. After squaring both sides, we obtain
(x=pP+ (G —0=x—(Cp)+-—y?
x*—=2px + p?P+ P =x*+2px + p?

y2 = 4px.

For the beam to run parallel to the axis of the mirror, the
filament should be placed at the focus. As with Example 6,
we must find p by using the fact that the points
(£3, 2) must lie on the parabola. Then,

(£3) = 4p(2)

9 =38p
9
p=§=1.1250m

Because p = 1.125 cm, the filament should be placed
1.125 cm from the vertex along the axis of the mirror.

For maximum efficiency, the receiving antenna should be
placed at the focus of the reflector. As with Example 6,
we know that the points (£2.5, 2) lie on the parabola.
Solving for p, we find
(£2.5)* = 4p(2)
8p = 6.25
p = 0.78125 ft
The receiving antenna should be placed 0.78125 ft, or 9.375
inches, from the vertex along the axis of the reflector.

5
4p = 10,s0 p = Eand the focus is at (0, p) = (0, 2.5).

The electronic receiver is located 2.5 units from the vertex
along the axis of the parabolic microphone.

4p = 12,s0 p = 3 and the focus is at (0, p) = (0, 3). The
light bulb should be placed 3 units from the vertex along
the axis of the headlight.

Consider the roadway to be the axis. Then, the vertex of
the parabola is (300, 10) and the points (0, 110) and

(600, 110) both lie on it. Using the standard formula,

(x — 300)* = 4p(y — 10). Solving for 4p, we have

(600 — 300)* = 4p(110 — 10), or 4p = 900, so the
formula for the parabola is (x — 300)? = 900(y — 10).
The length of each cable is the distance from the parabola to
the line y = 0. After solving the equation of the parabola
fory (y = ﬁxz — %x + 110), we determine that the
length of each cable is

2 L, 2 P
(x —x) + %x—gx-i-llo—o =

ﬁxz — %x =+ 110. Starting at the leftmost tower, the

64

65

66

67

68.

69

70

71
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lengths of the cables are: ~ {79.44, 54.44, 35, 21.11, 12.78,
10, 12.78, 21.11, 35, 54.44, 79.44}.

. Consider the x-axis as a line along the width of the road
and the y-axis as the line from the middle stripe of the
road to the middle of the bridge — the vertex of the
parabola. Since we want a minimum clearance of 16 feet
at each side of the road, we know that the points
(%15, 16) lie on the parabola. We also know that the
points (£30, 0) lie on the parabola and that the vertex
occurs at some height k along the line x = 0, or (0, k).
From the standard formula, (x — 0)> = 4p(y — k), or
x* = 4p(y — k). Using the points (15, 16), and (30, 0),
we have:

30> = 4p(0 — k)

152 = 4p(16 — k)
Solving these two equations gives 4p = —42.1875 and
k ~ 21.33. The maximum clearance must be at least
21.33 feet.

. False. Every point on a parabola is the same distance
from its focus and its directrix.

. False. The directrix of a parabola is perpendicular to the
parabola’s axis.

. The word “oval” does not denote a mathematically
precise concept. The answer is D.

(0)? = 4p(0) is true no matter what p is. The answer is D.

. The focus of y* = 4px is (p, 0). Here p = 3, so the
answer is B.

. The vertex of a parabola with equation

(y — k)> = 4p(x — h)is (h, k). Here,k = 3 and

h = —2.The answer is D.

. (a)—(¢) y
slop/e = c:l
F(b, c) /
P(x,y)
vel A(x, 1)
J // .
Midpoint of AF
x+b Il+c
M 27 2

(d) As A moves, P traces out the curve of a parabola.

(e) With labels as shown, we can express the coordinates
of P using the point-slope equation of the line PM:

_€+c:x—b(x_x+b)
) c—¢ 2
_t4c_ (x—Db)y
2 2(c — 4)
¢+
2(c—e)(y— 5 C) = (x — by
This is the equation of a parabola with vertex at
{+c {+ ¢
b, o and focus at | b,——— + p | where

2
:c—€
p 5
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72. (a)~(d) y
5k
NN
e o)
II\I I/ Iéx
y=-1
\_x2+(y—1)2=n2

(e) A parabola with directrix y = —1 and focus at (0, 1)
has equation x*> = 4y. Since P is on the circle
x>+ (y —1)> = n*and on the line y = n — 1, its
x-coordinate of P must be
x=Vr—((n—1)—12=Vri>— (n—2)>
Substituting (Vr? — (n — 2)%, n — 1) into x> = 4y

2
shows that (Vn? — (n — 2)?) = 4(n — 1) so P lies

on the parabola x> = 4y.

73. (a) Axis 74.

Generator

\

_—
N~

,A’—_ —'(h\

~S—

Cylinder
C > C >
S/

N~ 7

(b)

Circle Single line

T 75.

N

,~ ~

N—_

Two parallel lines

(0 Axis

Generator

K

Plane

[

Plane Line

1
The point (a, b) is on the parabola y = Exz
2

1
. The parabola y = Exz and

if and only if b =
if and only i 4p
2
the line y = m(x — a) + % intersect in exactly
2
one point (namely the point (a, Z*) ) if and only if
P
2 — mx + am — E =0
has exactly one solution. This happens if and only if
the discriminant of the quadratic formula is zero.

1 2 2
(=m)* — 4<*><am - a—) =m -4
4p 4p p 4p

a

2
= (m—g) = 01if and only if m Zi.

the quadratic equation 71
h d X
q q 1

Substituting m = i and x = 0 into the equation of the

line gives the y-intercept
_a @ @ @ @

0— 4+ =" 4 = == =
Y 2p( ) 4p 2p  4p 4p

1
(a) The focus of the parabola y = ‘sz is at (0, p) so any
D

line with slope m that passes through the focus must
have equation y = mx + p.
The endpoints of a focal chord are the intersection

1
points of the parabola y = Exz and the line
y=mx + p.
2

1
Solving the equation Ex — mx — p = 0 using the

quadratic formula, we have

m =+ \/m2 - 4(%)(‘1’)
o(4)
_ @ =2p(m £ m).

2p




(b) The y-coordinates of the endpoints of a focal chord
are

= i(zp(m + Vn? + 1)) and
y = 4@ = Vi £ 1)’

5(4,)2)("12 +2mVmd + 1+ (m? + 1))

= $(4p2)(m2 —2mVm? + 1+ (m? + 1))

p(2m* + 2mVm* + 1+ 1)

= p(2m* — 2mVm* + 1+ 1)

Using the distance formula for

2p(m — Vm* + 1), p2m?* — 2mVm* + 1 + 1
and (2p(m + Vm* + 1),

p(2m* + 2mVm? + 1 + 1)), we know that the

length of any focal chord is V' (x, — x,)% + (y, — 1)
= V{pVm? + 17 + (4mp\Vm® + 1)

= V(16m*p> + 16p?) + (16m*p? + 16m>p?)

= V1em*p? + 32m*p? + 16p*

The quantity under the radical sign is smallest when
m = 0. Thus the smallest focal chord has length

Vi6p® = [4p].

76. (a) For the parabola x> = 4py, the axis and directrix
intersect at the point (0, —p). since the latus rectum is
perpendicular to the axis of symmetry, its slope is 0,
and from Exercise 65 we know the endpoints are
(—2p, p) and (2p, p). These points are symmetric
about the y-axis, so the distance from (—2p, p) to
(0, —p) equals the distance from (2p, p) to (0, —p).
The slope of the line joining (0, —p) and (2p, p) is

PP
0—(—2p)
. P .
(0,—p) and (2p, p) is 0—2p 1. So the lines are

perpendicular, and we know that the three points
form a right triangle.

= —1 and the slope of the line joining

(b) By Exercise 64, the line passing through (2p, p) and
(0, —p) must be tangent to the parabola; similarly for
(—2p, p) and (0, —p).

M Section 8.2 Ellipses

Exploration 1

1. The equations x = —2 + 3costandy = 5 + 7sinf can be
. y—>5
dsint = ———.
and sin 7

Substituting these into the identity cos? t + sin’t = 1

x + 2)? — 5)?
yields the equation( 9 ) + S 2 ) =1.

. X
rewritten as cost =

Section 8.2 Ellipses 319

4

[—17.5,125] by [-5, 15]

2 2

3. Example 1: Since % + i 1, a parametric solution is
x =3costand y = 2sint.
2 2
Example 2: Since % + XZ = 1, a parametric solution is

y = V13sintand x = 2 cos t.

x —3) + 1)

(x=37, b +1)
16

solutionis x = S5cost + 3andy = 4sint — 1.

S
iy
NV

[—6,6] by [—4,4]

AT

Answers may vary. In general, students should find that
the eccentricity is equal to the ratio of the distance
between foci over distance between vertices.

Example 3: Since = 1, a parametric

5. Example 1: The equations x = 3 cost,y = 2sint can be

. X .
rewritten as cos t = _,sint = wh1ch using

3’ 2’
@Y
cos’t + sint =1 yieldg + 7 = 1 or4x* + 9y* = 36.
Example 2: The equations x = 2 cos ¢,y = V13 sin ¢ can
. X . y . .
be rewritten as cost = —, sint = ——, which usin
2 Vi3 &
y o, X
in’t + cos’t = 1yield=—= + =— = 1.
sin cos yield 73 )
Example 3: By rewriting x = 3 + 5 cos t,
. x—3 . y+1
y=—1+4sintascost = ,sint = and

using cos’t + sin’t = 1, we obtain
(x —3)° n (y + 1)
25 6
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Exploration 2 5.3x + 12 = (10 — V3x — 8)?
Answers will vary due to experimental error. The theoretical 3x + 12 =100 — 20V3x — 8 + 3x — 8
answers are as follows. —80 = —20V3x — 8
2.a=9cm,b = V80 = 8% cm,c = 1lcm,e = 1/9 = 011, 4 =V3x — 8
b/a ~ 0.99. 16 =3x — 8
3.a=8cmb=1V60~775cm,c=2cme=1/4=025 3x =24
b/a =~ 097, x=28
a="T7cm,b= V40 = 632cm,c = 3cm,e = 3/7 = 043, 6. 6x + 12 = (1 + V4x + 9)?
b/a = 0.90; 6x +12=(1+2Vax + 9 +4x +9)
a=6cm,b = V20 ~ 447cm,c = 4cm,e = 2/3 =~ 0.67, 2y +2=2Vdx ¥9
b/a =~ 0.75. x+1=Vix +9
4. The ratio b/a decreases slowly as e = c¢/a increases rapidly. XH+2x+1=4x+ 9
The ratio b/a is the height-to-width ratio, which measures ¥=2x—8=0
the shape of the ellipse—when b/a is close to 1, the ellipse (x —4)(x+2)=0
is nearly circular; when b/a is close to 0, the ellipse is x =4
elongated. The eccentricity ratio e = ¢/a measures how 7.6x% 4+ 12 = (11 — Véx2 + 1 )2

off-center the foci are—when e is close to 0, the foci are

2 _ /e 2 2
near the center of the ellipse; when e is close to 1, the foci 6x" +12 =121 = 22Vox" + 1+ 6x” + 1

are far from the center and near the vertices of the ellipse. 2—1 10 = —22Veéx* + 1
The foci must be extremely off-center for the ellipse to be 6§ +1=25
significantly elongated. 6x" —24 =0
5 XX—4=0
: x=2,x=—2
LN -]
. 8. 2x% + 8 = (8 — V3x? + 4)?
2x* + 8 =64 — 16\V3x* + 4 + 3x% + 4
0=x>—16V3x* + 4 + 60
¥+ 60 = (16V3x* + 4y
[-0.3, 1.5] by [0, 1.2] x4 + 120)62 + 3600 = 256 (3)62 + 4)
x* — 648x% + 2576 = 0
é ve ¢ x=2,x=—2
a 3\* 15 3+VI15
9. Z(x 2) > =0,s0x = >
10. 2(x +1)* =7 =0,s0x = —1% 7
. b 2
Section 8.2 Exercises
Lh=0k=0,a=4b=Vsoc=V16—7=3
Vertices: (4, 0), (—4, 0); Foci: (3, 0), (=3, 0)
2.h=0,k=0,a=5>b= V2l,s0c= V25 —21=2
Vertices: (0, 5), (0, —5); Foci: (0, 2), (0, —2)
[-0.3, 1.5] by [0, 1.2] 3.h:O,k:0,a:6,b:3\/§,SOC:\/36_27:3
Vertices: (0, 6), (0, —6); Foci: (0, 3), (0, —3)
Ouick Review 8.2 4. h=0,k=0,a= VIl b—\fsoc—V11—7=2
- Vertices: (V11, 0), (—V11, 0); Foci: (2, 0), (=2, 0)
L V2 - (=3)2+ @ —(-2)=V5+6= Vel RN
2 \/(a “ (=37 + (b — (—4)) 5.?4-?: 1.Lh=0k=0,a=2b= V350
=V(a+32+ (b+4)7 c=V4—3=1
3. 4y2 + 9x2 — 36, 4y2 =36 — 9x2, V;:rtices: (2, 0), (_2, 0),FOC1 (1, 0), (_1, O)
2
[36 — 9x° 3 Yy o o _ - _ _ _
y= 4 4x::|:E PR 6.9+4 1.h=0,k=0,a=3,b=2,5
R , , R c=V9—4=1/45
4. 25x7 4 36y” = 900, 36y” = 900 — 25, Vertices: (0, 3), (0, —3); Foci: (0, V/5), (0, —V/3)

/ — 25x2
y::t %: i%\/36_x2



7. (d)
8. (¢)
9. (a)
10. (b)
11. y
II QD IIIO
12. y
13. v
5 -
14. v
10
10
15. v
8¢
111 mt) 111
C 4

X

X

Section 8.2 Ellipses

16. .
2 .
X
17.
[-9.4, 9.4] by [6.2, 6.2]
2
y= 25V +36
"M
[-11.75, 11.75] by [-8.1, 8.1]
y=+2V—-x*+16
i C:L
[4.7,4.7] by [3.1, 3.1]
(x +2)* 1
=14t
Y 10 2
20.
=

[-9, 17] by [-6, 6]

1
y=—4+—V—x*+8x + 112

16
2y
2t =
4 9
2 )
24—
9 2

10
23.c=2anda=7=5,sob=\/a2—c = \V21:

T

321
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10
24.c=3andb=7=5,soa= Vb — 2:\/@:4:

2 2
%Jr;—szl
5 2
25‘%+%:1
2
2. 55+ =1
2 2
b=+ =1
2 2
28.b=2;;—5+y?=1
29.a=5;g+%;=1
2
30.a—13% o=

31. The center (A, k) is (1, 2) (the midpoint of the axes); a
and b are half the lengths of the axes (4 and 6,

o — 1) —2P
respectively): 16 + % 1
32. The center (h, k) is (—2, 2) (the midpoint of the axes); a
and b are half the lengths of the axes (2 and 5,
(k2R (-2
: + =
respectively) 1 5 1
33. The center (4, k) is (3, —4) (the midpoint of the major
axis); a = 3, half the lengths of the major axis. Since
¢ = 2 (half the distance between the foci),
(x =32 (y+4)7
b=Va - =V5: + =
34. The center (h, k) is (—2, 3) (the midpoint of the major
axis); b = 4, half the lengths of the major axis. Since
¢ = 2 (half the distance between the foci),
(x +2)2  (y—3)?
=Vp— 2 =V12: + T 1
35. The center (A, k) is (3, —2) (the midpoint of the major
axis); a and b are half the lengths of the axes (3 and 5,
respectively):
x — 3) +2)
( )
9 25
36. The center (A, k) is (—1, 2) (the midpoint of the major
axis); a and b are half the lengths of the axes (4 and 3,

=1

(+1? -2y
tively): + =1
respectively) 16 9
N c(x =) (v~ k)
For #37-40, an ellipse with equation + =1

@ b

has center (h, k), vertices (h £ a, k), and foci (h £ c, k)

where ¢ = Va* — b2

37. Center (—1, 2); Vertices (—1 + 5,2) =
Foci (—1 + 3,2) = (—4,2), (2,2)

38. Center (3, 5); Vertices: (3 £ V11,5) =
Foci = (3 £ 2,5) = (5,5),(1,5)

39. Center (7,—3); Vertices: (7, =3 £ 9) =
Foci: (7,3 + V17) =

(—6,2),(4,2);
(632,5),(—032,5);

(7,6), (7,—12);
(7,1.12), (7,—7.12)

40. Center( 2, 1); Vertices: (—2,1 £ 5) = (—2,—4),(—2,6);
2,1

Foci: (—2,1 + 3) = (—2,-2),(-2,4)
—8,8] by [—6, 6]

x=2c0st,y=551nt

[—6,10] by [—6, 5]
x=V30cost,y =2V5sint

=

—8,2] by [0, 10]
x=2\fcost—3,y—\/§sint+6

—3,7] by [—
x = \fcos( ) + 2,y = V15sin(t) — 1
For #45-48, complete the squares in x and y, then put in stan-

dard form. (The first one is done in detail; the others just
show the final form.)

45. 9x* + 4y*> — 18x + 8y — 23 = 0 can be rewritten as
9(x* — 2x) + 4(y* + 2y) = 23.This is equivalent to
I —2x+ 1)+ 4+ 2y +1) =23+ 9 + d,or
9(x — 1)* + 4(y + 1)?> = 36. Divide both sides by 36 to

(x =1  (y+1y

obtain y + 5 = 1. Vertices: (1, —4) and

5
(1,2) Foci: (1, =1 £V/5). Eccentricity: %

41.

42,

4.

x —2)? + 3)?
46. ( : ) + ( 3 ) = 1. Vertices: (2 £V/5,=3).
V2 \F
Foci: (2 £V2,—3). Eccentricity: —= =/
oci: ( ). Eccentricity 3 3
(x +3)?  (y—1) :
47. T 4 5 = 1. Vertices: (—7, 1) and (1, 1).

7
Foci: (—3 £V/7, 1). Eccentricity: %



48.

49.

50.

S1.

52.

53.

54.

(y +8)°

(x —4)* + 1

3
Foci: (4, —8 £V3). Eccentricity: %

The center (A, k) is (2, 3) (given); a and b are half the
lengths of the axes (4 and 3, respectively):

(x =2 (y—3
16 - 9

The center (A, k) is (—4, 2) (given); a and b are half the
lengths of the axes (4 and 3, respectively):

=1

+ 4)? —2)?
(4P -2
16 9
Consider Figure 8.15(b); call the point (0, ¢) F}, and the

point (0, —c) F,. By the definition of an ellipse, any point
P (located at (x, y)) satisfies the equation
PF + PF, = 2athus, \V/(x — 07 + (y — c)?
+\/x—0 (y-i-c)2=\/x2-i-(y—c)2
N
then Vx> + (y —¢)>=2a — Vx> + (y + ¢)?
X4+ (y—c)P =4a>—4aVi+ (y + )
+ 124+ (y+c)?
—4d — 4V F (5 + o)

—i—yz-i-ch-l-c2

A(x* + (y + ¢)») = a* + 2d%cy + &
a2x2 + (a2 _ CZ)yZ — aZ(aZ _ 6‘2)
2+ PR = @B
2 2
RIS S
¥ &

c
Recall that e = — means that ¢ = ea,b = V&> — ¢? and
a

a celestial object’s perihelion occurs at a — ¢ for Pluto,
¢ = ea = (0.2484)(5900) ~ 1456.56, so its perhelion is
5900 — 1456.56 = 4,434.44 Gm. For Neptune,

¢ = ea = (0.0050)(4497) = 22.49, so its perihelion is
4497 — 22.49 = 4,474.51 Gm. As a result of its high by
eccentric orbit, Pluto comes over 40 Gm closer to the Sun
than Neptune.

Since the Moon is furthest from the Earth at 252,710
miles and closest at 221,463, we know that
2a = 252,710 + 221.463, or a = 237,086.5. Since

¢ + 221,463 = a,we know ¢ = 15,623.5 and
b= V& — = \V(237086.5) — (156235)

~ 236,571.

c 15,623.5

From these, we calculate e = — = ———
237,086.5

The orbit of the Moon is very close to a circle, but still
takes the shape of an ellipse.

For Mercury, ¢ = ea = (0.2056)(57.9) ~ 11.90 Gm and
its perihelion a — ¢ = 57.9 — 11.90 =~ 46 Gm. Since the
diameter of the sin is 1.392 Gm. Mercury gets within

46 — % ~ 45.3 Gm of the Sun’s surface.

~ 0.066.

= 1. Vertices: (4, —10) and (4, —6).

55.

56.

57.
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For Saturn, ¢ = ea = (0.0560)(1,427) =~ 79.9 Gm.
Saturn’s perihelion is a — ¢ = 1427 — 79.9 =~ 1347 Gm
and its aphelionis a + ¢ = 1427 + 72.21 ~ 1507 Gm.

Venus: ¢ = ea = (0.0068)(108.2) ~ 0.74, so
b = V(1082)> — (0.74)* ~ 108.2.

x? y
11,707.24 ~ 11,706.70

Mars: ¢ = ea = (0.0934)(227.9) ~ 21.29,s0

b = \V(227.91)> — (21.29)® ~ 22691
2 2
ey
51,938 51,485
For sungrazers,a — ¢ < 1.5(1.392) = 2.088.The

eccentricity of their ellipses is very close to 1.
36 18 _ 912 12

58. a = c=Va — b
_\ ( S (&) - 1751 Au
thus. 71 0.97
T 1809
59.a =8and b = 3.5,s0c = Va* — b* = \V/51.75. Foci at
(£V51.75,0) = (£7.19,0).
60. a = 13and b = 5,s0c = Va* — b*> = 12 Place the

61.

62.

63.

source and the patient at opposite foci — 12 inches from
the center along the major axis.

Substitute y> = 4 — x? into the first equation:
x? n 4 — X 1
4 9
90X + 4(4 — x%) = 36
5x* =20
=4
x=22,y=0

Solution: (—2, 0), (2, 0)

Substitute x = 3y — 3 into the first equation:
3y —3)
—+y =1
9 Yy
y2—2y+1+y2=1
2y2 =2y =0
2y(y —1) =0
y =0ory=1
-3 x=0

Solution: (—3, 0),

T
‘\-'%_

InkgFseckion
HW=1.0zE4B6> '|'= -.BEREZEL

[—4.7,47] by [-3.1,3.1]

Approximate solutions:
(£1.04, —0.86), (£1.37, 0.73)

(b)(:lz\/94—2\/161 1+ \/161)
8 ’ 16 ’

8 ’ 16

(:t Vo4 + 2vVv1el —1 + \/161)
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64.

65.
66.

67.

68.

69.

70.

71.

72.

73.

One possibility: a circle is perfectly “centric”: it is an
ellipse with both foci at the center. As the foci move off
the center and toward the vertices, the ellipse becomes
more eccentric as measured by the ratio = e = ¢/a. In
everyday life, we say a person is eccentric if he or she
deviates from the norm or central tendencies of behavior.

False. The distance isa — ¢ = a(1 — c¢/a) = a(1l — e).
True, because a> = b> + ¢* in any ellipse.

2y
T4+l =tlsoc=VaE-—br=\V2-1

= V3.Th
1 1 V3 e
answer is C.
The focal axis runs horizontally through (2, 3). The

answer is C.
Completing the square produces
(x —47? (y—3)

4 9

The two foci are a distance 2¢ apart, and the sum of the
distances from each of the foci to a point on the ellipse is
2a.The answer is C.

= 1. The answer is B.

(@) Whena = b =r,A = mab = wrr = wr* and
V (3r + r)(r + 3r)
P =2 —
m( r)(3 r+r )

2 2
(b) One possibility: L + yf = 1 with A = 127 and

16
P = (21 — V195)r = 22.10, andTO + y? = 1 with

A =107 and P = (33 — V403)7 ~ 40.61.

(a) Answers will vary. See Chapter I1I: The Harmony of
Worlds in Cosmos by Carl Sagan, Random House,
1980.

(b) Drawings will vary. Kepler’s Second Law states that as
a planet moves in its orbit around the sun, the line
segment from the sun to the planet sweeps out equal
areas in equal times.

2

(a) Graphing in parametric mode with Tstep = T

A
o/

[-4.7,4.7] by [-3.1, 3.1]

(b) The equations x(t) = 3 + cos(2t — 5) and y(t) =
—2sin(2t — 5) can be rewritten as cos (2t — 5) = x — 3
and sin(2t — 5) = —y/2. Substituting these into the
identity cos’(2t — 5) + sin*(2t — 5) = 1 yields the
equation y*/4 + (x — 3)? = 1. This is the equation of
an ellipse with x = 3 as the focal axis. The center of
the ellipse is (3, 0) and the vertices are (3, 2) and
(3, —2). The length of the major axis is 4 and the
length of the minor axis is 2.

74. (a) The equations x(¢) = 5 + 3 sin(m n g) and

y() = 37 cos<7rt + g) can be rewritten as
y

. T\ _x—5 T\ _ Y
sm(m-l—z)— 3 andcos(wt+2>—3ﬂ_.

Substituting these into the identity cosz<7-rt + %) +

sin2<7rt + %) = 1 yields the equation

2 (x—5)

5 = 1. This is the equation of an ellipse.
97 9

~
\/

[-8, 8] by [-10, 10]
(b) The pendulum begins its swing at ¢t = 0 so

x(0) =5 + 3sin (%) = 8 ft, which is the maximum

distance away from the detector. Whent = 1,
x(1)=5+3 sin(ﬂ' + g) = 2 ft, which is the
minimum distance from the detector. When ¢ = 3, the
pendulum is back to the 8-ft position.

As indicated in the table, the maximum velocity
(~ 9.4 ft/sec) happens when the pendulum is at the
halfway position of 5 ft from the detector.

T BT Y1
£.3 3.2366 | 7.62YE
Iah 40720 | B.BE3E

| & 542y
[ ¥ ] 58271 | B.9535
E7? 6.7/63Y4 | 7.B24H
R A.N4ZA1L | 55387
£ F.H53E | 2.9124
T=5.5

75. Write the equation in standard form by completing the

squares and then dividing by the constant on the right-
hand side.

D E D B
AP+ Dx 4+ + CP + Ey+—=— 4= _F
¥ Dx 0+ Cy YT ac T 44 T ac
D D E P
Pl Sy =
e 4A2+y [aaTes
c A
1 (D B )
+ = F
(4A 4c
E
_|_72
( ) (y 2C> _ CD* + AE? — 4ACF
A 4A°C?

4A2C?
( )
2+ AEZ — 4ACF

E 2
(” ZC)

A

x+f




2 D 2 2 E 2
4AC(x+2A) 4AC(y+2C) ~
CD* + AE* — 4ACF ~ CD? + AE®> — 4ACF
Since AC > 0, A # 0 and C # 0 (we are not dividing by
zero). Further, AC > 0 = 4A’C > 0 and 4AC*> > 0
(either A > 0and C > 0,or A < 0 and C < 0), so the
equation represents an ellipse.

— n\? —kY\
76. Rewrite the equation to (x P ) + (y b > =0

Since that a # 0 and b # 0 (otherwise the equation is not
defined) we see that the only values of x, y that satisfy the
equation are (x, y) = (h, k). In this case, the degenerate
ellipse is simply a single point (4, k). The semimajor and
semiminor axes both equal 0. See Figure 8.2.

M Section 8.3 Hyperbolas

Exploration 1

1. The equations x = —1 + 3/cost = —1 + 3 sect and
y = 1 + 2 tan ¢ can be rewritten as

X _
sect = and tan ¢t = yT Substituting these

into the identity sec’ ¢t — tan?t = 1 yields the equation

(x+172 (y—17
9 4

2. T~ [
[-9.4,9.4] by [-6.2, 6.2] [-9.4,9.4] by [-6.2, 6.2]
In Connected graphing mode, pseudo-asymptotes appear
because the grapher connects computed points by line
segments regardless of whether this makes sense. Using
Dot mode with a small Tstep will produce the best graphs.
3. Example 1: x = 3/cos(t), y = 2 tan(r)
Example 2: x = 2 tan(¢), y = V/5/cos (t)
Example 3: x = 3 + 5/cos(z),y = —1 + 4 tan(¢)
Example 4: x = —2 + 3/cos(t),y = 5 + 7 tan(¢)

4. 4x* — 9y* = 36

|

1.

“ %
A l .
[-9.4,9.4] by [-6.2, 6.2]
2 2
oo
5 4!

[-9.4,9.4] by [-6.2, 6.2]
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(x —3) (y+1)2_1
25 16
[-7.4,11.4] by [-6.2, 6.2]

(x +2) (y—S)Z_1

9 9

T . _—
[ —

[-20, 18] by [-8, 18]
5. Example 1: The equations x = 3/cost = 3sect,

. X .
y = 2 tant can be rewritten as sect = 3 tant = —, which

2

using the identity sec’t — tan’t = 1 yield % — =1.

"*‘*NNN

Example 2: The equations x = 2 tant, y = V5/cos t

. X y
= V5 sec t can be rewritten as tan t = -, sect = —,
2 V5
y X

which using sec’ t — tan?t = 1 yield b 1.
Example 3: By rewriting x = 3 + 5/cos ¢,

x—3 y +1
y=—1+4tantassect = ,tant = 4 and

using sec’t — tan’t = 1, we obtain

(=37 G
25 16
Example 4: By rewriting x = —2 + 3 /cos t,
y=5+Ttantassect = ol :; z,tant =2 5andusing
(x+2?  (y—5) _

sec’ t — tan’t = 1, we obtain 1.

49

Quick Review 8.3

L V(=7 — 47+ (=8 — (—3))

= V(=11) + (=5) 146
2. V(b —aP + (c — (—3))?
= V(b —a)+ (c+3)
3. 9y> — 16x* = 144
9y2 = 144 + 16x>
4
y = :tg\/9 + x?
4. 4x* — 36y* = 144
36y? = 4x> — 144
y = :I:%\/x2 — 36
1
y = +=Vx* — 36

3
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5. V3x+12=10+ V3x — 8
3x + 12 =100 + 20V3x — 8 + 3x — 8
—80 = 20V3x — 8
—4 =3 — 8 no solution
6. dx +12 =1+ Vx + 8
dx +12=1+2Vx+8 4+ x + 8
3x +3=2Vx + 8
9x> + 18x + 9 = 4x + 32
9x> 4+ 14x — 23 =0
—14 4+ V196 — 4(9)(—

X =

18
‘= —14 + 32
18
23 23
x=1lorx = —?.Whenx = —?,

Vix +12 — Vx + 8

5533

The only solution is x = 1.

7. Véx* +12 =1+ Vex* + 1
6x> +12=14+2Vé6x> + 1 + 6x* + 1

10 =2Ve6x? + 1

25 =6x*+ 1
6x? —24=0
XX—4=0

x=2,x=—"2

8. V22 + 12 =8+ V32 + 4
22+ 12 =64 — 16V3x> + 4 + 3x2 + 4
2+ 56 =16V32 + 4
x* 4+ 112x% + 3136 = 768x* + 1024
xt — 656x% + 2112 =0
= {25.55, —25.55} (the other
solutions are extraneous)

16
9.c=a+2,(a+2)2—a2=Ta,
16
tdatd—d=""4a=12a=3c=>5
25a
0.c=a+1(a+1?—a =2
c=a ,(a ) a o
25
a2+2a+1—a2:1—2“:a=12,c:13

Section 8.3 Exercises

For #1-6, recall the Pythagorean relation that ¢> = a* + b

La=4b=V7c=V16+7= V23
Vertices: (14, 0); Foci: (£V23, 0)

2.a=5b=V2l,c = V25 + 21 = V46,
Vertices: (0, £5); Foci: (0, V46) 7

3.a=6,b=V13,c = V36 + 13 =7,
Vertices: (0, +6); Foci: (0, £7)

4. a=3,b=4,c= VI +16 =5
Vertices: (3, 0); Foci: (£5, 0)

2 2

5.%—%=l;a=2,b=\/§,c=\f7;

Vertices: (£2, 0); Foci: (£V7, 0)

2y
6.Z—§=1;a=2,b=3,c= V13;
Vertices: (2, 0); Foci: (+=V13, 0)
7. (c)
8. (b)
9. (a)
10. (d)
11. Transverse axis from (=7, 0) to (7, 0); asymptotes:
= :I:éx
y 7%
5
y= 2V w
y
151+

12. Transverse axis from (0, —8) to (0, 8); asymptotes:

8
y = :ng,
8
y =V +25

N

%

13. Transverse axis from (0, —5) to (0, 5); asymptotes:

5
y=:|:1x,

5
y = :l:z\/x2 + 16

y

\/
/
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14. Transverse axis from (—13, 0) to (13, 0); asymptotes: 18.
12

y—:l: \/x—16 /’\
y

[-18.8, 18.8] by [-12.4, 12.4]

. y=+2Vx + 16

T
| /1S

[-9.4,9.4] by [-6.2, 6.2]

15. The center (h, k) is (=3, 1). Since a*> = 16 and b*> = 4, we
have a = 4 and b = 2. The vertices are at (—3 +4, 1) or y = :I:g* /2 — 4
(—7,1) and (1, 1). 2

" \k
e S

[-9.4,9.4] by [-6.2, 6.2]

I y—:l: Vx?+9

16. The center (h, k) is (1, —=3). Since a*> = 2 and b*> = 4, we 21

have a = V2 and b = 2. The vertices are at (1V?2, —3).
}7

Nt / 7S
N1/ [-9.4,9.4] by [-3.2,9.2]
i =34+ %\/sz —20
i 22.
) \ [ /
/ \ [-11.4,7.4] by [-3.2,9.2]
y=3:|:%\/x2+4x+8
[-18.8, 18.8] by [-12.4, 12.4] .
X
yzigm 23.c—33nda—250b—\/c—a—\fI—?Il
2 2
24, c =3andb = 2,50a = ch—bZZ\G:yZ—%Zl
25.c=15andb=4,soa= V2 — b = \V209:
2
y x?

16 209
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

1
c=5anda=3/2,50b = \/cz—azzi\/il

2 2
X2 y x2 y

o =1 —
225 2275 94 914

a=5andc = ea = 10,s0 b = V100 — 25 = 5V5:
P
25 75
a=4andc = ea =6,50b = V36 — 16 = 2V5:
Yo
16 20
b=5a=\VA— b =\V169 — 25 =12
2 2
Yy o_x_
144 25
c=6,a =f—3b—\/c —a> =136 -9 =3V3:
2 2
S
9 27
The center (A, k) is (2, 1) (the midpoint of the transverse

axis endpoints); @ = 2, half the length of the transverse
axis. And b = 3, half the length of the conjugate axis.
(y—17 (x—2)

4 9
The center (h, k) is (—1, 3) (the midpoint of the transverse
axis endpoints); @ = 6, half the length of the transverse
axis. And b = 5, half the length of the conjugate axis.

=1

1P (=3
36 25
The center (A, k) is (2, 3) (the midpoint of the transverse
axis); a = 3, half the length of the transverse axis.
. G 22 (y—3)
b b =1
Since |b/al = 3 9 16

5
The center (4, k) is (—2, 5)’ the midpoint of the

. 9
transverse axis); a = 5’ half the length of the transverse

2
axis. Since la/bl = — b = 37
(y—5/27 (x + 2)y?
81/4 729/64

The center (4, k) is (—1, 2), the midpoint of the trans-
verse axis.a = 2, half the length of the transverse axis.

The center-to-focus distance is ¢ = 3,s0 b = V& — &
x + 1)? —2)?
BRI
4
The center ( ( 3, _7) the midpoint of the
7
transverse axis. b = > half the length of the transverse
11
axis. The center-to-focus distance is ¢ = > SO
+ 5.5)? x + 3)?
Ve =iz Y L L

49/4 18

37. The center (A, k) is (—3, 6), the midpoint of the trans-
verse axis. a = 5, half the length of the transverse axis.
The center-to-focus distance ¢ = ea

=2.5=10,50b = V& — & = V100 — 25 = 5\/5
(y =6 (x+3)
25 75
38. The center (A, k) is (1, —4), the midpoint of the trans-
verse axis. ¢ = 6, the center-to-focus distance

=1

6
a=-=2=3b=Vi-a=V3%-9=V27
(x =1 (y+4)
9 27
For #39-42, a hyperbola with equation
(x —h)?  (y — k) .
5 - % = 1 has center (A, k) vertices
a
(h £ a, k),and foci (h £ c, k) where ¢ = Va? + b~
. (= k) (x = hy
A hyperbola with equation 3 - % =1 has
a

center (h, k), vertices (h, k £+ a), and foci (h, k + ¢) where

again ¢ = Va* + b

39. Center (—1, 2); Vertices: ( 1+£12,2) = (11,2),(—13,2);
Foci: (—1 £ 13,2) = (12,2), (—14,2)

40. Center (—4, —6); Vertices: (—4 £ V12, —6);
Foci: (—4 £ 5, —6) = (1, —6), (-9, —06)

41. Center (2, —3); Vertices: (2, =3 £ 8) = (2,5), (2, —11);
Foci: (2,—3 £ V145)

42, Center (—5, 1); Vertices: (—5,1 £ 5) = (=5, —4), (-5, 6);

Foci: (—5,1 £ 6) =

43. - \|/ -

[-14.1, 14.1] by [-9.3, 9.3]
y =5/cost,x = 2tant

4. i -

b )
! h

[-14.1, 14.1] by [-9.3,9.3]
x = V30/cost,y = 2V5tant

(—5,-5), (—5,7)

45.

[-12.4, 6.4] by [-0.2, 12.2]
x =34+ 2V3/cost,y =6 + V5tant



46. : T\-’

[-7.4,11.4] by [-7.2,5.2]
y=—1+ V15/cost,x =2 + V6tant

47.

S

[-9.4,9.4] by [-5.2,7.2]

Divide the entire equation by 36. Vertices: (3, —2) and

(3,4), Foci: (3,1£V13), e = '313

48.

[-2.8,6.8] by [-7.1, 0]

Vertices: (% —4) and (* —4),F0<:1 (2 + g, —4)
\/(1/4 1/9) _ 9 + 4 _ Vi3

3

For #49-50, complete the squares in x and y, then write the

equation in standard form. (The first one is done in detail; the

other shows just the final form.) As in the previous problems,

the values of £, k, a, and b can be “read” from the equation
AV — )2

NC )
a b

= 1. The asymptotes are

b
y — k = £—(x — h).If the x term is positive, the transverse
a

axis endpoints are (h % a, k); otherwise the endpoints are
(h, k £ b).

RN
A\

[-9.4,9.4] by [-6.2, 6.2]

9x? — 4y — 36x + 8y — 4 = 0 can be rewritten as
9(x* — 4x) — 4(y* — 2y) = 4.This is equivalent to
9(x2—4x+4)—4(y —2y+1)=4+36 —4,0r
9(x — 2)? — 4(y — 1)? = 36. Divide both sides by 36 to
(x =2 (y—-1p
4 9

(4,1). Foci: (2+V13,1),e =

obtain = 1. Vertices: (0, 1) and

V13

2

50.

51.

52.

53.
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[-12.4,6.4] by [-5.2,7.2]
(y— 17 (x+3)7
9 5 = 1. Vertices: (—3, —2) and
34
(=3, 4). Foci: (=3,14£V34), e = %

a = 2,(h, k) = (0,0) and the hyperbola opens to the left
. 2y . 9 4
and right, SOZ - W = 1. Using (3, 2):1 — 2 =1,
16 P 5y

9> — 16 = 4b*,5b* = 16,b* =

a = V2, (h, k) = (0,0) and the hyperbola opens upward
2 2

and downward, so yE - % = 1. Using (2, —2):
4 4 b
——==1,5=1,P=4=-=
2 b B ’ T2 4
Consider Figure 8.24(b). Label (0, ¢) as point Fy, label

(0, —c) as point F, and consider any point P(x, y) along

the hyperbola. By definition, PF; — PF, = 42a, with
c>a=0
Ve =07+ (y = (=) = V(x =0 + (y = ¢)’

= 1+2a
Vi + (y+c)=22a+ V> + (y — ¢)?
X+ y 4+ 2y + F=4a £ 4aVP+ (y — c)?

+ x4+ P — 2y +
+aVl+ (y—c)P=a —cy
@(x* + y* — 2cy + ) = a* — 2d%cy + H?
_a2x2 + (CZ — aZ)y2 p— aZ(CZ — 612)
P — i = @B

yoox
R
2
X
= =0
(a)4 y
2
2 _ X
YT
X
= 4+—
)
y
4
1 1 1 1 1 1 I;‘.x
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5S.

56.

57.

58.

2 xz
b z -
() 16
9x?
2 _ X
TS
3x
= 42*
y 4
y
4T
1 1 1 1 1 1 1 1 X
A 4
¢ — a = 120, > = 250a

A—=p
(a + 120)*> — &® = 250a
a* + 240a + 14,400 — a*> = 250a

10a = 14,400
a = 1440 Gm
1560 13
a = 1440 Gm, b = 600 Gm, ¢ = 1560,e = 1410~ 12
The Sun is centered at focus (¢, 0) = (1560, 0).

¢ — a = 140, b*> = 405a
E—gl=p
(a + 140)? — @®> = 405a
a® + 280a + 19,600 — a* = 405a

125a = 19,600
a = 156.8
53
a = 1568 Gm,b = 252 Gm, ¢ = 296.8 Gm, e = prS

The Sun is centered at focus (¢, 0) = (297, 0).

The Princess Ann is located at the intersection of two
hyperbolas: one with foci O and R, and the other with foci
O and Q. For the first of these, the center is (0, 40), so the
center-to-focus distance is ¢ = 40 mi. The transverse axis
length is 2b = (323.27 usec)(980 ft/usec) =
316,804.6 ft ~ 60 mi. Then a &~ V40> — 30> = V700 mi.
For the other hyperbola, ¢ = 100 mi, 2a = (646.53 usec)
(980 ft/usec) = 633599.4 ft ~ 120 mi, and

b ~ V100*> — 60°> = 80 mi. The two equations are
therefore
(y — 40)? x2 (x — 100)? y?
————— — — = 1land — =1
900 700 3600 6400
The intersection of the upper branch of the first hyper-
bola and the right branch of the second hyperbola (found
graphically) is approximately (886.67,1045.83). The ship is
located about 887 miles east and 1046 miles north of point
O — a bearing and distance of about 40.29° and 1371.11
miles, respectively.

The gun is located at the intersection of two hyperbolas:
one with foci A and B, and the other with foci B and C.
For the first of these, the center is (0, 2000), so the center-
to-focus distance is ¢ = 2000 mi. The transverse axis
length is 2b = (2 sec)(1100 ft/sec) = 2200 ft. Then

~ V2000 — 1100% = 100279 ft. For the other

59.

60.

hyperbola, ¢ = 3500 ft,2a = (4 sec)(1100 ft/sec) =

4400 ft,and b = V/3500> — 2200> = 100V 741 ft.

The two equations are therefore

(y — 2000)? 2
— =1 and
11002 2,790,000
(x — 3500)? v
22002 7,410,000

The intersection of the upper branch of the first hyperbola
and the right branch of the second hyperbola (found
graphically) is approximately (11,714.3,9792.5). The gun is
located about 11,714 ft (2.22 mi) east and 9793 ft

(1.85 mi) north of point B — a bearing and distance of
about 50.11° and 15,628.2 ft (2.89 mi), respectively.

Solve the second equation for x and substitute into the
first equation.

V3,
X 3 y
2V3 2y
4( 3 7 2) 9 =1
(4, 8V3 > v
4(3y BERR g !
2, 2V3
97 ;3 V=0
2
g Yy —3V3) =

y=0ory=23V3

[-9.4,9.4] by [-6.2, 6.2]
Solutions: (=2, 0), (4,3V3)

Add:

2

X 2=

4 y

*+yP=9
52
%—10
=8
x = +2V2

*+yP=9

8+ y'=9
y = =1

i

[-9.4,9.4] by [-6.2, 6.2]
There are four solutions: (£2V?2, 1)



61.

62.

63.
64.

65.

66.

67.

68.
69.

L

Inkersgckion
W=zdzfodzz I¥=1.Bi000BE

[-9.4,9.4] by [-6.2, 6.2]

There are four solutlons

(£2.13,+1.81)

/29 21
Th 1 j:l L +1
(b) The exact solutions are 0 ol 4 0 a1

One possibility: Escape speed is the minimum speed one
object needs to achieve in order to break away from the
gravity of another object. For example, for a NASA space
probe to break away from the Earth’s gravity is must
meet or exceed the escape speed for Earth

= V2GM/r = 11,200 m/s. If this escape speed is
exceeded, the probe will follow a hyperbolic path.
ale — 1).

True. The distance is ¢ — a = a(c/a — 1) =

True. For an ellipse, b* + ¢* = a%
2 2
XZ — yT = 1,50 ¢ = V4 + 1 and the foci are each V5

units away horizontally from (0, 0). The answer is B.

The focal axis passes horizontally through the center,
(=S5, 6). The answer is E.

Completing the square twice, and dividing to obtain 1 on
the right, turns the equation into
(y+3° (x—2)° .
2 o = 1. The answer is B.
a=2>b= \/?:, and the slopes are +£b/a. The answer is C.
(a—d)

X7
ffmgwgm \\\
S, 4
K (‘: 0&:: ‘j/

(e) a=3,c=5b=4
x*/9 — y*/16 =1

70.

71.

72.

73.
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Assume that the focus for the primary parabolic mirror
occurs at Fp and the foci for the hyperbolic mirror occur
at Fy; and F . Assume also that the x-axis extends from
the eye piece to the right most F, and that the y-axis is
perpendicular through the x-axis 60 cm from the eye
piece. Then, the center (4, k) of the hyperbolic mirror is
(0, 0), the foci (£c, 0) = (%60, 0) and the vertices

(£a,0) = (£40,0).

Since a = 40, ¢ = 60, b> = ¢ — a* = 2000. The equation
2 2

for the hyperbolic mirror is 1g0 0~ 2()))0 0=

From Section 8.2, Question #75, we have
Ax*> + Cy?> + Dx + Ey + F = 0 becomes

2 2
4A2c(x + %) 4AC2(y + i)

2C
CD* + AE* — 4ACF

CD? + AE* — 4ACF

Since AC < 0 means that either (A < 0 and C > 0) or
(A > 0and C < 0),either (44°C < 0 and 4AC? > 0),
or (4A*C > 0 and 4AC? < 0). In the equation above,
that means that the + sign will become a (—) sign once
all the values A, B, C, D, E, and F are determined, which
is exactly the equation of the hyperbola. Note that if

A > 0and C < 0, the equation becomes:

E '} D\
2y + ) 2 ( +—)
4AC (y e |4A4°C|{ x A

CD* + AE? — 4ACF  CD? + AE? — 4ACF
If A < 0and C > 0, the equation becomes:

DY E 'V
2 = 2
4AC(x+2A) \4AC\(y+ ZC)

CD? + AE? — 4ACF  CD* + AE? — 4ACF B

_ 2 — k2
Witha;«éOandb;«éo,wehave(xah) :(yb )
- —k
Then(x h):(y )or
a b
(x—h): y—k
a

- <7) Solving these two equations,
b
we find that y = +—(x — h) + k. The graph consists of
a

b

two intersecting slanted lines through (4, k). Its symmetry
is like that of a hyperbola. Figure 8.2 shows the relationship
between an ordinary hyperbola and two intersecting lines.

The asymptotes of the first hyperbola are

b
y = £—(x — h) + k and the asymptotes of the second
a

b
hyperbola are y = £— (x — h) + k;they are the same.
a

[Note that in the second equation, the standard usage of
a + b has been revised.] The conjugate axis for hyperbola
1 is 2b, which is the same as the transverse axis for hyper-
bola 2. The conjugate axis for hyperbola 2 is 2a, which is
the same as the transverse axis of hyperbola 1.
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74.

75.

2 2
When x = c,%—%z 1
a
it — a*y* = a’b?
azyz — bZ(CZ _ a)
P=c— 2
b4
2 _ 9
y 2
b2
y=+—
a

. . b
One possible answer: Draw the points (c, ;) and

2
(c, 7) on a copy of figure 8.24(a). Clearly the points

b2
(c, i;) on the hyperbola are the endpoints of a

segment perpendicular to the x-axis through the focus

(¢, 0). Since this is the definition of the focal width used
in the construction of a parabola, applying it to the hyper-
bola also makes sense.

The standard forms involved multiples of x, x%, y, and y?,
as well as constants; therefore they can be rewritten in the
general form Ax?> + Cy* + Dx + Ey + F = 0 (none of
the standard forms we have seen require a Bxy term). For
example, rewrite y = ax* as ax’* — y = 0; this is the gen-

eral form with A = a and E = —1, and all others 0.
2
Similarly, the hyperbola eI = 1 can be putin
. 1 1
standard form with A = —,C = —, F = —1,and
a b

B=D=E=0.

H Section 8.4 Translation and Rotation
of Axes

Quick Review 8.4

5
1. 20 = —
cos 2a = 1
8
2. 20 = —
cos 2a = -
1
3. 20 = —
cos 2a = -
2
4. cos2a ==
cos 2a = 2
5.2a=§,soa=%
6 2a=s1nl(l)=zsooz=1
’ 2 6’ 12
7.cosch=2cosza—1=720052a=§cos2a=i
5 5 5
cosa = ——
RV
8.cos2a=2cosza—1=72cosza=zcosza=z
47 47 87

o5 o 7_NT_ VT V2
8 V2 2V2 N2
_ V4
4
9. cos2a =1 — 2sin*a ==, 2sinfa = ——

6

SlIl a—*=>sma—w =>s1na=?

10. cos2a =1 — 2sina = ZSma f=>sma

5 53 106

Section 8.4 Exercises

1. Use the quadratic formula witha = 1, 5 = 10, and
¢ = x* — 6x + 18. Then b*> — dac = (10)> — 4(x* —
6x + 18) = —d4x® + 24x + 28 = 4(—x* + 6x + 7),and

—10 £ V4(—x* + 6x + 7)

2
S5+ V-x+6x+7

y =

[-6.4, 12.4] by [-11.2, 1.2]

2. Use the quadratic formula witha = 1, b = —2, and

¢ = 4x* + 24x + 21.Then b* — dac =

(—2)% — 4(4x* + 24x + 21) = —16x% — 96x — 80 =
16(—x* — 6x — 5), and

2 + V16(—x2 — 6x — 5)

y =

2
=1+2V—-x>—6x—15

:

[-9.4,9.4] by [-6.2, 6.2]

3. Use the quadratic formula witha = 1, b = —8§, and
¢ = —8x + 8.Then b> — 4ac =
(—8)2 — 4(—8x + 8) = 32x + 32 = 32(x + 1), and

8+ V32(x + 1)

y = 5 =44+2V2x +2

[-19.8, 17.8] by [-8.4, 16.4]



4. Use the quadratic formula with a = —4, b = —40, and
¢ = x* + 6x + 91.Then b> — dac =
(—40)* — 4(—4)(x* + 6x + 91) = 16x* + 96x + 3056
= 16(x* + 6x + 191), and

40 + V16(x* + 6x + 191)
-8

1
-5 :I:E\/)c2 + 6x + 191

~_ |
T

[-37.6, 37.6] by [-24.8, 24.8]
5. —4xy + 16 = 0= —4xy = =16 =y = 4/x

e
N

[-9.4,9.4] by [-6.2, 6.2]
6. 2xy + 6=>2xy =

W,
-

[-9.4,9.4] by [-6.2, 6.2]

y:

—6=y = —3/x

7.2y —y—8=0=y(x—1)=8=y=8/(x— 1)

[-10, 12] by [-12, 12]

8.2¢° —5xy+y=0=y(1 — 5x) = 2=
=2x2/(5x — 1)

L
I

[-1, 1.4] by [-0.4, 0.8]

9. Use the quadratic formula witha = 3,b = 4 — x, and
¢ = 2x* — 3x — 6. Then b* — 4dac

= (4 — x)* — 12(2x* — 3x — 6) = —23x* + 28x + 88,

x — 4+ \V/—=23x2 + 28x + 88
6

and y =
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=
W

[-4.7,4.7] by [-3.1, 3.1]

10. Use the quadratic formula with a = 4, b = 3x — 10, and
¢ = —x* — 5x — 20. Then > — 4ac = (3x — 10)?
—16(—x* — 5x — 20) = 25x* + 20x + 420, and

_1! Gl10 = 3x + V/25x2 + 20x + 420].

\F/
’1\

~10, 10] by [—

11. Use the quadratic formula witha = 8,b = 4 — 4x, and
c=2x* — 10x — 13.
Then b*> — 4ac = (4 — 4x)* — 32(2x*> — 10x — 13)
= —48x* + 288x + 432 = 48(—x* + 6x + 9), and
4x — 4 + V48(—x® + 6x + 9)

y= 16

[—2,8] by [3,3]

12. Use the quadratic formula witha = 2, b = 6 — 4x, and
c = 2x* — 5x — 15. Then b* — dac = (6 — 4x)?
—8(2x* — 5x — 15) = 156 — 8x = 4(39 — 2x), and

4x — 6 £ V4(39 — 2x)

y= 4

_X_Ei ‘v 39 — 2x.

¥

[—10,30] by [-5,20]

13. & = 0, k = 0 and the parabola opens downward, so
4py = x*). Using (2, —1): —4p =4, p = —1.
The standard form is x> = —4y.

14. 1 = 0, k = 0 and the parabola opens to the right, so
4px = y* (p > 0). Using (2,4): 8p = 16, p = 2.
The standard form is y*> = 8x.
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15. h = 0, k = 0 and the hyperbola opens to the right and 7\ _ ) .
left,so a = 3, and b = 4. The standard form is 4.2{y~— 6/) (x — 1)°, a parabola. The vertex is
LY 7 .

9 16 (h, k) = (1,3)80 2y" = (x')"

16. h = 0, k = 0, and the x-axis is the focal axis,so a = 4 y'

2 2
and b = 3. The standard form is R + % 1. 8-

For #17-20, recall that x’ = x — hand y' = y — k. i
17. (x',y") = (4,—1)

18. (x',y") = (2,12) L
19. (x',y') = (5, -3 — V5) r
20. (x',y") = (— V2, —1) N AP
21 4(y* — 2y) — 9(x + 2x) = 41, s0
4( 1)2 9(x +1)> =41 + 4 — 9 = 36. Then 25. 9(x* — 2x) + 4(y* + 4y) = 11,50
(y — 1)? (x+1)2_1Th., , 9(x — 1)2 4+ 4(y + 2)* =11 + 9 + 16 = 36. Then
9 2 = 1. This is a hyperbola, with (x — 1)2 (v + 2)2
a=3,b=2andc = VI13. 4 + 9 -
(y')? B (x')? 1 This is an ellipse, witha = 2, b = 3, and ¢ = V5.
9 4 Foci: (1, =2 £ V/5). Center (1, —2), so
Y () )

4
4 9

=1

N‘
—— [ & <
T T T _A
[3:
=

22. 2(x* + 6x) + 3(y* — 8y) = —60, so
2(x +3) +3(y — 4%) = —60 + 18 + 48 = 6. Then i
(43 -

= 1. This is an ellipse with 26. 16(x* — 2x) — (y* + 6y) = 57,50 16(x — 1)* —
3 2 ) i (y +3)7=57+16 — 9 = 64
() O x —1)? +3)?
a=V3,b=V2andc =1 3 + - 1. Then ( 7 ) - Sl N ) = 1. This is a hyperbola, with
Y a=2,b=8 andc = V68 = 2V17. Foci:
st P O _

1+ 2vVv17, —3). 1,—
i ( V17, —3). Center (1,—3), so 2 o

N

5
23. y — 2 = (x + 1)? a parabola. The vertex is |
(h, k) = (—1,2),s0 y' = (x")% |
y' L
25+




8

X'

28. 2(x* — 2x) + (3 — 6y) = 9,502(x — 1)* + (y — 3)?

(;C 1)2 (y 3)2
0 en 1

This is an ellipse, with

a=V10,b = V20 = 2V5,and ¢ = V10.

Foci: (1,3 £ V10). Center (1, 3), so 10 + 0 1
y
8

NI

29.2(x2 +2x) — > = —6,502(x + 12 — Y2 = —6 + 2

Y (x+ 1) .
= —4, Then . = 1. This is a hyperbola,
witha = V2,b = 2,and ¢ = V6. Foci:
"\2 x' 2
(=1, £V6). Center (—1,0), so (y4) ! 2) =1
v

8

,
I

30. —4(x — 3.25) = (y — 1)? a parabola. The vertex is
(h, k) = (3.25,1),s0 —4x' = (y')?
N
5
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31. The horizontal distance from O to P is
x = h + x' = x' + h, and the vertical distance from O
toPisy=k+y =y + k.

32. Given x = x’ + h,subtract & from both sides: x — & = x’
or x’ = x — h.And given y = y' + k, subtract k from
bothsides:y — k =y ' ory’ =y — k.

For #33-36, recall that x’ = x cos @ + y sin « and

[A—

y' = —xsina + ycos a.

T T T T
. ’ ry — — _ imn — 1 7_’_ —
33. (x',y") < 2cos4+551n4,251n4 SCOS4>
_(3\@ 7\@)
272
’ ry — z_ 1 l_ 1 z_ z
34. (x',y") (6cos3 3s1n3, 6s1n3 3cos3>
:(ﬁ_ﬁﬂ_é)
2 27 2 2
6 —3V3 —6v3—3
:( Z\f, \g )z (0.40, —6.70)

35. a = 1.06, (x',y') = (=5 cos (1.06) — 4 sin (1.06),
5sin (1.06) — 4 cos (1.06)) ~ (—5.94,2.38)

36. a ~ E (x',y")
= (Zcos% + 3 sin% -2 sin% + 3005%)
_ (5\@ ﬁ)
272
For #3740, use the discriminant B> — 4AC to determine the
A—C
type of conic. Then use the relationship of cot 2a = B

to determine the angle of rotation.

37. B> — 4AC = 1 > 0, hyperbola; cot 2a = 0,s0 a = %

] xr _ yr xr _|__ yr
Translating, V3 V3 =8,

[-9.4,9.4] by [-6.2, 6.2]
38. B2 — 4AC = 9 > 0, hyperbola; cot 2a = 0,s0 a = %

Translati 3(x/_y/)(xl+yl)+15—o
ranslating, v 5 =0,
= +V(x') + 10

e

[-9.4,9.4] by [-6.2, 6.2]
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39.

40. B?

41.

42.

B> — 4AC = 3 — 4(2)(1) = —5 < 0, ellipse;

1 T
t2a = ——= —. Translati
cot 2« \/5, 6 ranslating,
— ’ 1_ !l E — ! E_I_ ’ E th
X xcos6 ysm6,y xsm6 ycos6,s0 e
5 xr 2 2
equation becomes (2) + <y2) =10,
P O _
4 20
[-9.4,9.4] by [-6.2, 6.2]
1
— 4AC = 12 — 4(3)(1) = 0, parabola; cot 2a = ——,
(3)(1) P @a= Tz
=7 Translating, x = x’ cosE — ’sinz
“T % 5 6 Y
V14
y=x’sin%+y’cos%, sod(x')r = 14,x" = 7

This is a degenerate form consisting of only two parallel

e
| |

[-4.7,4.7] by [-3.1, 3.1]

B? — 4AC = —176 < 0, ellipse. Use the quadratic
formula with a = 9,b = —20x, and ¢ = 16x> — 40. Then
b* — 4ac = (—20x)* — 4(9)(16x* — 40)
= —176x> + 1440 = 16(—11x> + 90), and

~ 20x + V16(— 1127 + 90)
- 18

_ 10x £2V90 — 11x2

9

b
q

[-9.4,9.4] by [-6.2, 6.2]

7 (]
cot 2a = 0 a ~ 0954 =~ 54.65

B? — 4AC = 4 > 0, hyperbola. Use the quadratic formula
witha = 2,b = —6x + 10,and ¢ = 4x> — 3x — 6.Then
b — dac = (—6x + 10)> — 4(2)(4x* — 3x — 6)
= 4x* — 96x + 148 = 4(x* — 24x + 37),and

(6x — 10) £ V4(x2 — 24x + 37)

4
(Bx —5) £ Vx? — 24x + 37

2

43. B?
44,
45,
46.
47.
48.

i

A

[-28, 52] by [-15, 45]

cot 2a = —%, a = 0.946 ~ 54.22°

— 4AC = 16 — 4(1)(10) = —24 < 0; ellipse
B?> — 4AC = 16 — 4(1)(0) = 16 > 0; hyperbola
B? — 4AC = 36 — 4(9)(1) = 0; parabola

3

)
)
)
B> — 4AC =1 — 4(0)(3) = 1> 0; hyperbola
)
3

B? — 4AC = 16 — 4(8)(2) = —48 < 0; ellipse

(
B> — 4AC = 144 — 4(3)(4) = 96 > 0; hyperbola

49. B> — 4AC = 0 — 4(1)(—3) = 12 > 0; hyperbola
50. B> — 4AC = 16 — 4(5)(3) = —44 < 0; ellipse
51. B> — 4AC = 4 — 4(4)(1) = —12 < 0; ellipse
52. B> — 4AC = 16 — 4(6)(9) = —200 < 0; ellipse

53.

54.

5S.

In the new coordinate system, the center (x', y') =
(0, 0), the vertices occur at (£3, 0) and the foci are

located at (:|:3\/§, 0). We use x = x’ cos% — y'sin %,

y=x sin% + y’ cos % to translate “back.” Under the
“old” coordinate system, the center (x, y) = (0, 0), the
3V2 3\/2) and (_3\@ _3\@)
27 2 27 2 )
and the foci are located at (3, 3) and (—3, —3).

(a) Reversing the translation and rotation of the
parabola, we see that the vertex in the (x”, y")

vertices occured at (

21
coordinate system is V' (0, 0), with &4 = and
y (0,0) Vs,
3
k = % This means that the vertex of the

parabola in the (x', y") coordinate system is

21
(X" + hy + k)= (o + 0+ i) Since

V15’ 10
cos ! and sin 2 rotating “back” into the
a=— a=—,
V3 V3 e

(x, y) coordinate system gives

(x,y) = (x'cosa — y'sin @, x" sin @ + y’ cos )
<£ 1_3V5 2 2 3V5 1)
V5 V5 10 15°V5 V5 10 5
= (3.6,8.7).
(b) See (a).

Answers will vary. One possible answer: Using the
geometric relationships illustrated, it is clear that

o .
x = x'cosa — y’cos<f— a] =x"cosa — y' sina

2
T
and that y = x’ cos(i — a> + y'cosa

= x'sina + y' cos a.



56.

57.

58.

59.

60.

61.

62.
63.

x' = xcosa + ysina y' = —xsina + ycosa
x' cosa = x cos’ @ + y sin a cos a
y' sin @ = —x sin’a + y cos a sin «

x'cosa — y'sina = xcos’a + ysinacosa +
xsin?a — ysin « cos a

x' cosa — y'sina = x cos’a + xsin’a

x'cosa — y'sina = x

Similarly,

x' =cosa + ysina y' = —xsina + ycosa
x'sina = xcosasina + ysin® a

y' cos @ = —x sina cos & + y cos’a

x'sine + y' cos@ = xcos asina + ysin’a
— xsinacosa + ycos’a
x'sina + y' cos a = y(sin’ a + cos*)
x'sina + y cosa =y
True. The Bxy term is missing and so the rotation angle «
is zero.

True. Because the x? and y* terms have the same
coefficient (namely 1), completing the square to put the
equation in standard form will produce the same denomi-
nator under (y — k)*as under (x — h)%

Eliminating the cross-product term requires rotation, not
translation. The answer is B.

Moving the center or vertex to the origin is done through
translation, not rotation. The answer is C.
Completing the square twice, and dividing to obtain 1 on
the right, turns the equation into

x — 1) +2)?
(=1, +2

16 9

The vertices lie 4 units to the left and right of center
(1, =2). The answer is A.

The equation is equivalent to y = 4/x.The answer is E.

(a) The rotated axes pass through the old origin with
slopes of £1, so the equations are y = =+ x.

(b) The location of (x”, y") = (0,0) in the xy system can
be found by reversing the transformations. In the x"y’
system, (x”, ") = (0, 0) has coordinates

21 3V5
(h, k) = <%, T\O[)The coordinates of this point

in the xy system are then given by the second set of

2
rotation formulas; with cos a« = %, sina = %:
(1) B2y B
V3\V3 10 \V5 5
2 (2, a1 @
RV ARV 10 \V3 10
The x"y” axes pass through the point (x, y)

1 2/V5
= (?8%) with slopes of 1;\/5 =2

and its negative reciprocal, T Using this information

to write linear equations in point-slope form, and then
converting to slope-intercept form, we obtain

3

=2x + =

y X B
1 21
y=—=x+ —

2 2

64.

65.

66.

Section 8.4 Translation and Rotation of Axes 337

(a) If the translationon x’" = x — hand y' =y — ks
applied to the equation, we have:

A(x')? 4+ Bx'y + C(y')*+ Dx' + Ey' + F =0,
so A(x — h)> + B(x — h)(y — k) + C(y — k)?

+ D(x — h) + E(y — k) + F = 0, which becomes
Ax* + Bxy + Cy* + (D — Bk — 2Ah)x +

(E — 2ck — Bh)y + (Ah* + Ck*> — Ek — Dh)

+ Bhk + F =0

The discriminants are exactly the same; the coeffi-
cients of the x%, xy, and y? terms do not change (no
sign change).

(b) If the equation is multiplied by some constant k, we
have kAx?> + kBxy + kCy* + kD + kE + kF = 0,
so the discriminant of the new equation becomes
(kB)* — 4(kA)(kC) = k*B* — 4k*AC = K*(B* —
4AC). Since k*> > 0 for k # 0, no sign change occurs.

First, consider the linear terms:

Dx + Ey = D(x'cos @ — y'sin @)

+ E(x'sinae + y'cos @)
= (Dcosa + Esina)x’
+ (Ecosa — Dsina)y’

This shows that Dx + Ey = D'x" + E'y’, where
D' =Dcosa + Esinaand E' = E cosa — D sin a.
Now, consider the quadratic terms:
Ax* + Bxy + Cy?> = A(x'cos @ — y'sin a)? +
B(x'cos a — y'sin a@)(x'sin @ + y’cos &) +
C(x'sin @ + y'cos a)?
= A(x'?cos’ a — 2x'y’cos a sin a + y'?sin® @)
+ B(x"?cos asin a + x'y'cos’ @ — x'y'sin’
— y?sin @ cos a) + C(x"?sin* @ + 2x'y’sin a cos a
+ y'? cos? @)
= (A cos’a + Bcos asina + Csin® a)x
+ [B(cos’* a — sin® a)
+ 2(C — A)(sinacos a) Jx"y’
+ (Ccos’a — Bcos asina + Asin®a)y
= (A cos’a + B cos asina + C sin® a)x'
+ [Bcos2a + (C — A)sin 2a]x’y’
+ (C cos’a@ — Bcos asina + Asin’a)y’
This shows that
Ax* + Bxy + Cy> = A'x* + B'x'y’ + C'y", where
A" = Acos’a + Bceosasina + Csin’ a,
B’ = Bcos2a + (C — A) sin 2a, and C' = C cos’a —
B cos asin a + A sin’ .

72

2

2

The results above imply that if the formulas for A’, B’,
C', D', and F' are applied, then

A'xX?*+ B'x'y +Cy*+ Dx'+Ey + F =0is
equivalent to Ax?> + Bxy + Cy* + Dx + Ey + F = 0.
Therefore, the formulas are correct.

This equation is simply a special case of the equation we
have used throughout the chapter, where B = 0. The
discriminant B> — 4AC, then, reduces simply to —4AC.
If —4AC > 0, we have a hyperbola; —4AC = 0, we have
a parabola; —4AC < 0, we have a ellipse. More simply: a
hyperbola if AC < 0; a parabola if AC = 0; an ellipse if
AC > 0.



67. Making the substitutions x = x'cos @ — y'sin « and

y = x'sina + y’cos a, we find that:

B'x'y" = (B cos’ @ — Bsin®> @ + 2C sin a cos

— 2Asin a cos a)x"y’

Ax" = (Acos’ @ + Bsin acos @ + Csin® a)(x')?
Cy? = (Asin®> @ + C cos> a — B cos a sin a)(y’)?
B? — 4A'C" = (Bcos (2a) — (A — C)sin (2a))?
— 4(A cos* a + Bsin acos a + C sin® @)

(Asin> @ — Bsin a cos a + C cos’ a)

1 1
= EBZ cos (4a) + EBZ + BC sin (4a) — BA sin (4a)

1 1
+ ECZ - ECZ cos (4a) — CA + CA cos (4a)

1 1 1 1
+ - A2 — — A%cos (4 —4<n4 2a) + - A
5 > cos (4a) > cos (2a) >
+1Bsin(2 ) -I—lc—lCcos(Z )

2 R .

(lA - 1Acos (2a) + %Ccos 2a) + = C

2 2
5B sin (2a)

1 1
= EBZ cos (4a) + EBZ + BC sin (4a) — BA sin (4a)

N |~

1 1 1
+ ECZ - ECZCOS (4a) — CA + CAcos (4a) + EAZ

1
-3 A?cos (4a) — BC'sin (4a) + BAsin (4a) — 3AC

1, 1 1 1 1
— - — A+ - Acos (4a) + = B — = B*cos (4a
2C > > cos (4ar) > > cos (4a)
1
+ > C? cos (4a) — AC cos (4a)
= B> — 4AC.

68. When the rotation is made to the (x’, y') coordinate

system, the coefficients A’, B’, C', D', E', and F' become:

A B
A = > (1 + cos 2a) + Esin (2a)

C
+ > (1 — cos (2a))

B’ = Bcos (2a) — (A — C) sin (2a)

Ay _ By
Cc'= > (1 — cos (2a)) 5 sin (2a)

+ %(COS (2a) + 1)

D' = Dcosa + Esina
E'=—Dsina + E cos a
F'=F

(a) Since F' = F, F is invariant under rotation.

A
(b) Since A" + C' = e [1 + cos (2a) + 1 — cos (2a)]

+ g [sin (2a) — sin (2a)] + %[1 — cos (2a)

+ cos (2a) + 1] = A + C, A + C is invariant
under rotation.

(¢) Since D'* + E'?> = (D cos a + E sin a)?
+ (=Dsina + E cos a)?
= D?cos’* @ + 2DE cos a sin « + E?sin’ «
+ D?sin®> a — 2DE cos a sin a + E? cos’> a
= D? (cos’ a + sin’ @) + E? (sin’ @ + cos® )
= D? + E?, D*> + E?is invariant under rotation.
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69. Intersecting lines: x> + xy = 0 can be rewritten as x = 0

(the y-axis) and y = —x

.

[-4.7,4.7] by [-3.1, 3.1]

A plane containing the axis of a cone intersects the cone.

Parallel lines: x> = 4 can be rewritten as x = %2 (a pair
of vertical lines)

|
1 |

[-4.7,4.7] by [-3.1, 3.1]
A degenerate cone is created by a generator that is
parallel to the axis, producing a cylinder. A plane parallel
to a generator of the cylinder intersects the cylinder and
its interior.

One line: y*> = 0 can be rewritten as y = 0 (the x-axis).

|
|

[-4.7,4.7] by [-3.1, 3.1]

A plane containing a generator of a cone intersects the
cone.

No graph: x> = —1

|
|

[-4.7,4.7] by [-3.1, 3.1]

A plane parallel to a generator of a cylinder fails to
intersect the cylinder.

Circle: x> + y* =9

1
N/

[-4.7,4.7] by [-3.1, 3.1]

A plane perpendicular to the axis of a cone intersects the
cone but not its vertex.




Point: x> + y* = 0, the point (0, 0).

|

[-4.7,4.7] by [-3.1, 3.1]

A plane perpendicular to the axis of a cone intersects the
vertex of the cone.
No graph: x* + y* = —1

[-4.7,4.7] by [-3.1, 3.1]

A degenerate cone is created by a generator that is per-

pendicular to the axis, producing a plane. A second plane
perpendicular to the axis of this degenerate cone fails to
intersect it.

M Section 8.5 Polar Equations of Conics

Exploration 1

For e = 0.7 and e = 0.8, an ellipse; for e = 1, a parabola; for
e = 1.5 and e = 3, a hyperbola.

[—12,24] by [—12,12]
The five graphs all have a common focus, the pole (0, 0),
and a common directrix, the line x = 3. As the eccentricity
e increases, the graphs move away from the focus and
toward the directrix.

Quick Review 8.5
1.r=-3
2.r=2

7 5
3.60= % or —%
5
4. 6 = —?ﬂ- org

5.h=0,k=0,4p = 16,s0p = 4

The focus is (0, 4) and the directrix is y = —4.
6. h=0,k=0,4p=—12,s0p = 3

The focus is (—3, 0) and the directrix is x = 3.

= 3,b = 2,c = V5;Foci: (£V5, 0); Vertices: (43, 0)
8. a =5,b =3, c = 4;Foci: (0, +4); Vertices: (0, £5)
9.a =4,b = 3, c = 5;Foci: (&5, 0); Vertices: (£4, 0)
10. a = 6,b = 2, c = 4V2; Foci: (0, £4V2);
Vertices: (0, £6)

Section 8.5 Polar Equations of Conics

Section 8.5 Exercises

2
1.r= 1T coso 2 parabola.

TT

[—10,20] by [—10, 10]
5 20

2.r = — a hyperbola.

4+500 6
1+ cos 6

[—20, 40] by [—20,20]

12

.r= > = 12 — — an ellipse.

3\ . 5+ 3sin6
1+ 3 sin 0

s

/\

[-7.5,7.5] by [-7, 3]

4. r=————— la.
r 1T sing a parabola

[-6, 6] by [-6, 2]

T

|

7

)_ :3—7sin0
sin 6

— a hyperbola.

W | W[

[—5,5] by [—4,2]

339
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10.

11.

12.

13.

14.

15.
16.
17.
18.
19.

— an ellipse.

0

[—4,11] by [—5,5]

. Parabola with e = 1 and directrix x = 2.
. Hyperbola with e = 2 and directrix x = 3.

. Divide numerator and denominator by 2.

5
Parabola with e = 1 and directrix y = = —2.5.

Divide numerator and denominator by 4.

1
Ellipse with e = i 0.25 and directrix x = —2.

Divide numerator and denominator by 6.

5
Ellipse with e = 5 and directrix y = 4.

Divide numerator and denominator by 2.

7
Hyperbola with e = 5= 3.5 and directrix y = —6.

Divide numerator and denominator by 5.

Ellipse with e = % = 0.4 and directrix x = 3.

Divide numerator and denominator by 2.

5
Hyperbola with e = 5 = 2.5 and directrix y = 4.

(b) [—15, 5] by [—10, 10]
(d) [=5,5] by [ 3, 3]
() [=5,5] by [-3,3]
(e) [=5,5] by [3,5]
(c) [~10, 10] by [—5, 10]

20. (a) [3,3] by [6, 6]
e
For #21-28, one must solve two equations a = 1 —Il—) . and
b= 1 — o for e and p (given two constants a and b). The
. .. _b—a _ 2ab
general solution to thisis e = bt a and p = b— 4

21.

The directrix must be x = p > 0, since the right major-
axis endpoint is closer to (0, 0) than the left one, so the

ep

tion has the f =—F Th
equa 10N has ecIrormr 1 T+ ecosd en
ep ep ep
15 = = d6=-—+
1+ecos0 1+e ™ 1+ ecosn

ep 3
=7 (soa = 1.5 and b = 6). Therefore e = 57 0.6
—e

2.4 o
1+ (3/5)cos® 5+ 3cosb

and p = 4,s0r =

22. The directrix must be x = —p < 0, since the left major-
axis endpoint is closer to (0, 0) than the right one, so the

ep

equation has the form r = —— Then
1 —ecosf

ep ep ep

5= 1—ecos0 1 _eandl 1—ecosm
ep 1

=11 (soa = 1and b = 1.5). Therefore e = 3= 0.2
and p = 6 (the directrix is x = —6) , so

1.2 6

TTI- (1/5) cos 6 T 5— cosh

23. The directrix must be y = p > 0, since the upper major-
axis endpoint is closer to (0, 0) than the lower one, so the
ep

tion has the f = —Th
equation has the form r = T——""——. Then
ep ep ep
1= = =
1t esin(m2)  1+¢™? T 15 csinGr/2)
e 1
=1 fe (soa = 1 and b = 3). Therefore e = 5= 0.5
1.5 3
dp=3 = = .
MEP = 2SO T 12) sing 2 + sin 6
24. The directrix must be y = —p < 0, since the lower major-
axis endpoint is closer to (0, 0) than the upper one, so the
e
equation has the form r = 7}7. Then
1 — ecosb
3= °p =P andg = P
1—esin(m/2) 1—e 4 1 — esin(37/2)
= P (soa="andb = 3) Therefore e = > = 06
T4, 80a=a -Therefore e = ¢ .
and p = 2 (the directrixis y = —2), so

1.2 6
r= = .
1—(3/5)sinf 5 — 3siné
25. The directrix must be x = p > 0, since both transverse-
axis endpoints have positive x coordinates, so the

. ep
tion has the f =———Th
equation has the form r = -——""—. Then

= _ P a-15=—22
_1+ecosO_1+ean "1+ ecosw
ep

= - (soa = 3 and b = —15). Therefore e =

3

T |

7.5
1+ (3/2)cos6 2+ 3cosf’
26. The directrix must be x = —p < 0, since both transverse-

axis endpoints have negative x coordinates, so the
ep
1 —ecos®
ep ep ep
= = dis=——"——
1 —ecos0 1_ean 1 —ecosw
—_°r
C1+te

=15and p = 5,s0r =

equation has the form r = Then

—3

(soa = 1.5 and b = —3). Therefore e = 3

6

and p = 2 (the directrix is x = —2),s0r = T 3cos0"



27. The directrix must be y = p > 0, since both transverse-
axis endpoints have positive y coordinates, so the
ep

—————— Then 2.4
1+ ecos6 en

equation has the form r =

ep _ep

1 +esin(m/2) 1+e
ep

1—e

ep

and —12 =

3
(soa = 2.4 and b = —12). Therefore e = 5

6 . 12
1+ (3/2)sinf 2+ 3sin6’
28. The directrix must be y = —p < 0, since both transverse-
axis endpoints have negative y coordinates, so the

e
equation has the form r = 711. Then
1 —ecosb

ep ep ep
T esin(m2) 1-¢ ™2 T T inGr2)
_ep
C1+e

=15and p = 4,s0r =

—6

(soa = 2 and b = —6). Therefore e = 2

_ 6
1 —2sin6
29. The directrix must be x = p > 0, so the equation has the
ep ep ep
f = ——Then0.75 = =
T T ecos 1+ecosO 1+e
ep

and3_1~|—ecos7r 1_e(soa 0.75 and b = 3).

and p = 3 (the directrixis y = —3),s0r =

3
Therefore e = 5 =0.6and p = 2,50

_ 1.2 . 6

1+ (3/5)cos® 5+ 3cosb
30. Since this is a parabola,e = 1, and with y = p > 0 as the
4

r

irectrix, th ion has the f __ P
directrix, the equation has the form r 1+ sin@ en
p p
1= = = 2, and theref
1 + sin(7/2) 1+ 1 p , an erefore
2 ) ‘
"1t sine Alternatively, for a parabola, the distance

from the focus to the vertex is the same as the distance
from the vertex to the directrix (the same is true for all
points on the parabola). This distance is 1 unit, so we
again conclude that the directrix is y = 2.

21 42

- 5 —2cos6 - 1 —04cos0
are (7,0) and (3, 7),s0 2a = 10,a = 5,¢c = ae
= (04)(5) =2,s0b = V& — & =V25 —4=\2L

A

[—6,14] by [—7, 6]
e=04,a=5b=V21,c=2

1 = 11/6 soe = é The vertices
6 —5sing 1 — (5/6)sin6’ 6

3. r

,s0 e = 0.4.The vertices

32.r =

1 + esin(37/2)
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3
are (11,z> and (1,l),so 2a = 12,a = 6.
2 2
5
= :—.6:5
c = ae 6 , SO

b=Va— =13 —25=VI1L.

-

[—11,10] by [—2, 12]
5

e=g,a=6,b= V1l,c =5

24 6 SO ! The vertices
= e=—_. verti
4+2sing 1+ (1/2)sin@’ 2

3
are (4, g) and (12, %),so 2a = 16,a = 8.c = ae

8=4,50b=\Va — = V64— 16 = 4V3.

£

33.r=

S}

[—13,14] by [—13,5]

1
e=§,a=8,b=4\/§,c=4

16 = 16/5 soe = 3 The
5+3cosf 1+ (3/5)cos®’ ‘T
vertices are (2, 0) and (8, 7),s02a = 10,a = 5,¢ = ae

=5(%)=3,sob=\/a2—c2=\/25—9=4.

N
g

[—10,5] by [—5, 5]
e=06,a=5b=4c=3
16 16/3 5
= = .Th
3+ 5cosf 1+ (5/3) cosg0¢ T 3
vertices are (2,0) and (—8, 7),s02a = 6,a = 3,c = ae

5
:5-3=5andb=\/cz—a2=\/25—9=4.

34.r =

35.r =
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36.

37.

38.

39.

40.

41.

rZ%soe—SThe vertices are (—3, %) and
(2,37#)502[1—161—%6—%—5% %and
p=Va—a= 21 g
4 4 2
=l
= | ==
[—4,4] by [—4,0]

1 5
e—Sa—Eb \@’CZE
r=3 —4sin0 = (1/2) sin 6 soe = %(an ellipse).

The vertices are (4, %) and (3 32 ) and the conic is

symmetric around x = 0,so x = 0 is the semi-major axis

16 8 18 4
and 2a = ?,soa 3 —ea—i-g—gand
8\ 4V 43
b= (5) (5) =3 The center

(h, k) = (0,1?2 - %) = (0,%).The equation for the

ellipse is

(y_4)2+<x—0) 9(“%)2 3

8Y 43 64 16
) (%)
6 .
"= 1T 20050 °¢" 2 (a hyperbola). The vertices are

(2,0) and (—6, 7) and the function is symmetric about
the x-axis, so the semi-major axis runs along x = 0.
2a = 4,a =2,s0c = ea = 2(2) = 4and

b=V —a = V16 — 4 = 2V/3. The vertex

(h, k) = (4,0). The equation of the hyperbola is
(x4 (0P _(x—4P ¥ _
22 (V3?4 12
4 2 2
= = =landk =—=2.
T2 2cos6 1-—coso ¢ an e

Since k = 2p, p = 1 and 4p = 4, the vertex (h, k) =
(—1, 0) and the parabola opens to the right, so the equa-
tionis y* = 4(x + 1).
12 4

= = =1 =
"3+ 3cos6 1+cosg and k
Since k = 2p, p = 2 and 4p = 8, the vertex (h, k) =
(2, 0) and the parabola opens to the left, so the equation
is y> = —8(x — 2).
Setting e = 0.97 and a = 18.09 AU,
18.09 (1 — 0.97%)

1 + 0.97 cos 0
The perihelion of Halley’s Comet is

18.09 (1 — 0.97%)

= 4.

Q|

r =

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

The aphelion of Halley’s Comet is

_I809(1-097)
A T ¥'o A

Setting e = 0.0461 and a = 19.18,
19.18 (1 — 0.0461%)

1 + 0.0461 cos 6
19.18 (1 — 0.0461%)

r =

Uranus’ perihelion is 1+ 0.0461 ~ 18.30 AU
U + aohelion 19.18 (1 — 0.0461%) ~ 20,06 AU
ranus’ aphelion is 1 — 00461 ~ 20.

(a) The total radius of the orbit is
r =250 + 1740 = 1990 km = 1,990,000 m. Then
~ V2,406,030 ~ 1551 m/sec = 1.551 km/sec.

(b) The circumference of one orbit is 27r ~ 12503.5 km;
one orbit therefore takes about 8061 seconds, or
about 2 hr 14 min.

The total radius of the orbit is » = 1000 + 2100 = 3100

miles. One mile is about 1.61 km, so r = 4991 km

= 4,991,000 m. Then » =~ V8,793,800 =~ 2965 m/sec
= 2.965 km/sec =~ 1.843 mi/sec.

True. For a circle,e = 0. But when e = 0, the equation

degenerates to r = 0, which yields a single point, the pole.

True. For a parabola, e = 1. But when e = 1, the equation

degenerates to r = 0, which yields a single point, the pole.

Conics are defined in terms of the ratio distance to focus :

distance to directrix. The answer is D.

As the eccentricity increases beginning from zero, the

sequence of conics is circle (e = 0), ellipse (e < 1),

parabola (e = 1), hyperbola (e > 1).The answer is C.

Conics written in polar form always have one focus at the

pole. The answer is B.

r =1 + 2 cos 0 is a limacon curve. (See Section 6.5). The

answer is A.

(a) WhenOZO,cosO—l sol +tecosfd=1+e.

Then a(l — &%) a(l — &%) — a1
en 1+ecost9 1+e = a( )
Similarly, when § = 7,cos § = —1,s01 + ecosf =
) - a(l — €% _a(l—ez)_ L+
e  ecose . 1 —e = al ¢)
(b)a(l—e)Za(l—E) =a—a-£—a—c
a a
a(1+e)=a(1+£) —a+aS=a+c
a a
(¢) Planet Perihelion (in Au) Aphelion
Mercury 0.307 0.467
Venus 0.718 0.728
Earth 0.983 1.017
Mars 1.382 1.665
Jupiter 4.953 5.452
Saturn 9.020 10.090

(d) The difference is greatest for Saturn.



52. e = 0 yields a circle (degenerate ellipse); e = 0.3

and e = 0.7 yield ellipses; e = 1.5 and e = 3 yield hyper-
bolas. When e = 1, we expect to obtain a parabola. But

a has no meaning for a parabola, because a is the center-
to-vertex distance and a parabola has no center.

The equation
a(l — &%)
1+ ecos 6

53. If r < 0, then the point P can be expressed as the point
(r,0 + ) then PF = rand PD = k — r cosé.

r yields no parabolas. Whene = 1,r = 0.

PF = ePD
r = e(k — rcos6)
ke
=
1+ ecos6

Recall that P (r, 6) can also be expressed as (—r, 0 — )
then PD = —rand PF = —rcos (0 — w) — k

PD = ePF
—r =e[—rcos (0 — ) — k]
—r = —ercos (0 — m) — ek
—r = ercosf — ek
—r —ercosf = —ek
ke
F=—
1+ ecos6

54. (a) k+rcosf Y
S-W
D_, '/
6?< X r
1 1 1 { r‘l 1 1 1

[ rcos@

X

Directrix Conic section
x=—k
PF =rand PD = k + rcos0,so PF = e PD
becomes
r =e(k + rcos9)
r —ercosf = ek
ke
y =
1 —ecosf
(b) y
5 -
r Directrix
D i y=k

. gy
k—rsin 6
||||/;| L1
5

1
Z [
PG, 9) 7/ T sin 0
/

Conic section

PF =rand PD = k — rsin6,so PF = e PD

becomes
r = e(k — rsin 0)
r + ersinf = ke
ke
r=—""
1+ esind

Section 8.5 Polar Equations of Conics 343

(© y

Conic section

(%))
L‘ T T T T
T
>

rsin 6
AN P(r, 0)
1 1 1 1 1 1 1
Focus at pole F></'_ p sin% K
Directrix | D
y=-k r

PF =rand PD = k + rsin6,so PF = ¢ PD

becomes
r =e(k + rsin6)

r —ersinf = ek
= ke

1 —esinf
. . 16
55. Consider the polar equation r = ————— . To transform
5 —3cos 6

this to a Cartesian equation, rewrite the equation as
Sr — 3r cos = 16. Then use the substitutions
r = Vx?+ y?and x = r cos 6 to obtain
5Vx? 4+ y? — 3x = 16.
5Vx? 4+ y2 = 3x + 16;25(x* + y?) = 95 + 96x + 256
25x% + 25y* = 9x* + 96x + 256
16x* — 96x + 25y* = 256;
Completing the square on the x term gives
16(x* — 6x + 9) + 25y* = 256 + 144
16(x — 3)* + 25y* = 400;
(x =32 ¥

The Cartesian equation is s Tl 1.

56. The focal width of a conic is the length of a chord through
a focus and perpendicular to the focal axis. If the conic is

given by r = , the endpoints of the chord

_ ke
1+ ecosé

3
occur when 0 = % and 6 = 777 Thus, the points are

(ke, g) and <ke, %T) and the length of the chord is
ke + ke = 2ke.
The focal width of a conic is 2ke.

57. Apply the formula e- PD = PF to a hyperbola with one
focus at the pole and directrix x = —k, letting P be the
vertex closest to the pole. Thena + k = ¢ + PD and

PF =c¢ — a.Usinge = E, we have:
a

e-PD = PF
eatk—c)=c—a
e(la+ k —ae) =ae —a
ae + ke — ae®> = ae — a
ke —ae* = —a
ke = ae* — a
ke = a(e* — 1)
. ke
Thus, the equationr = ————
1 —ecosf

a(® — 1)

becomesr = ———.
1 —ecosb
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58

59

. (a) Let P(x, y) be a point on the ellipse. The horizontal
distance from P to the point Q(a*/c, y) on line L is
PQ = a*/c — x.The distance to the focus (c, 0) is
PF = \/(x —c)P 4y = V2 = 2cx + & + Y. To
confirm that PF /PQ = c/a, cross-multiply to get
a PF = ¢ PQ;we need to confirm that

aVx* — 2cx + ¢ + y* = @® — cx. Square both
sides: @*(x* — 2cx + ¢ + y?) = a* — 2d’cx + X%
Substitute a*> — b* for ¢?, multiply out both sides, and
cancel out terms, leaving a*y* — a’b*> = —b*x%. Since
P is on the ellipse, x*/a* + y*/b* = 1, or equivalent
bp’x* + a*y* = a’b% this confirms the equality.

(b) According to the polar definition, the eccentricity is
the ratio PF /PQ, which we found to be ¢/a in (a).

(¢) Since e = c/a,aje = c/ia = a*/c and ae = c; the dis-

tance from F to L is a*>/c — ¢ = a/e — ea as desired.

. (a) Let P(x, y) be a point on the hyperbola. The horizon-
tal distance from P to the point Q(a*/c, y) on line L
is PQ = |a’/c — x|. The distance to the focus (c, 0) is
PF = \/(x —c)P 4y = V2 —2cx + &+ y2.To
confirm that PF /PQ = c/a, cross-multiply to get
a PF = ¢ PQ; we need to confirm that

aVx? —2cx + 2+ ) = |a*> — cx|. Square both
sides: a*(x* — 2cx + ¢ + y?) = a* — 2a%cx + XA
Substitute a*> + b? for ¢?, multiply out both sides, and
cancel out terms, leaving a’y? + a*b* = b*x°. Since P
is on the hyperbola, x*/a> — y*/b* = 1, or equivalent
b’x* — a’y* = a’b%; this confirms the equality.
(b) According to the polar definition, the eccentricity is

the ratio PF /PQ, which we found to be ¢/a in (a).

. a
(¢) Since e = c/a,aje = T = d*/c and ae = c; the
c/a
o

. . a .
distance from F to Lis ¢ — — = ea — — as desired.
c e

Section 8.6 Three-Dimensional Cartesian

Coordinates

Quick Review 8.6

1

L

Vi(x =27+ (y + 3)?

(x+2 y—3)
2 72

3. P lies on the circle of radius 5 centered at (2, —3)
4.V = V(=47 + (57 = VAT
SV <—4,5>:<—4 5 >
Ivl Va1l AVZTRVZN]
6. =7y _ (28, —35) _ < 28 —35>
Ivl V41 \ZSRVZSE
7. Circle of radius 5 centered at (—1, 5)

10

. A line of slope —2, passing through (2, —4)
. (x + 1)> 4+ (y — 3)* = 4. Center: (—1, 3), radius: 2
(=1 —2,—4 —5), =(=3,—9)

Section 8.6 Exercises

1.

-
L
]
L 7
~
_|_|_|_|_|_|_J_|_J|4_|_
S 342 8
/ I_
- 1
e =
L
1
? I
X L
1
-
I
Z
ot
! e
.
(2,-3,6) L .-
) ! e
r z
L v
I e
U A
Tz
[ 7
O N
4! 8
z r
L
1
i

=
D i B
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»

V@B = (—1))P+ (—4—22+(6—-5>=V53 20.
V(6 =2+ (=3 — (—1)) + (4 — (—8))> = 24l
Ve =12+ (b— (=3)) + (c — 2)
=Vi(a— 17+ (b + 37+ (c —2)

8.V —pP+(y—a+ (1)

&

N

3—1 —4+26+5 11
9‘( 2 2 0 2 )_(1’_1’7)
10, (2—1—6’—1—3 —8+4) (4.—2.-2)

2

2x—22y+82z+6)_
11.( T T3 3 =(x—1,y+4z+3)

3a —a 3 —b 3c—c
12.( T 5 )—(a,b,c) 21.
1B.(x =57+ (y+ 1)+ (z+2)7 =64 N
4 (x+ 172+ (y =52+ (z—82=5 i
15. (x — 12+ (y+ 3?2+ (z—2)?%=a -
16. (x —pP’+(y—¢q)P+ (z—r)> =36 -
17. . I 57

22, :

»

(3,0,0)

o

X

23.r +v=(1,0-3) + (=3,4,—5) = (-2, 4, —8)
24.r —w=(1,0,-3) — (4,—3,12) = (-3,3,—15)
25. v.w=—12 — 12 — 60 = —84

26. |w| = V4 + 24+122=13

27.r-(v+w) =r- (<—3, 4,—5) + (4,—3,12))
=(1,0,-3)-(1,1,7) =1+ 0—21 = —20
28.rv+rw=(—3+0+15 + (4 +0— 36) = —20
4,—3,12 4 12
29 W L
[wl 4+ (-3 + 122 13° 13713
30.i-r=<(1,0,0)-¢1,0,=3) =1
31 (i-v,j-v,k-v) = (=3,4,-5)
32. (r-v)w = ((1,0, =3)-(—3,4, —5)){4, —3, 12)
= (=3 4+ 0 + 15)(4, =3, 12) = (48, —36, 144)
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33.

34.

The plane’s velocity relative to the air is

v, = —200 cos 20°i + 200 sin 20° k

The air’s velocity relative to the ground is

v, = —10cos 45°i — 10sin 45°§

Adding these two vectors and converting to decimal val-
ues rounded to two places produces the plane’s velocity
relative to the ground:

v = —19501i — 7.07j + 68.40 k

The rocket’s velocity relative to the air is

v, = 12,000 cos 80°i + 12,000 sin 80° k

The air’s velocity relative to the ground is

v, = 8cos45°i + 8sin45°j

Adding these two vectors and converting to decimal val-
ues rounded to two places produces the rocket’s velocity

relative to the ground:
v = 2089.43i + 5.66j + 11,817.69 k

For #35-38, the vector form is ry + ¢v with ry(x, y,, zo), and
the parametric form is x = x, + ta,y = y, + b,
z = zo + tc where v = (a, b, ¢).

3s.

36.

37.

38.

39.

40.

41.

42,

43.

4.

45.

Vector form:r = (2,—1,5) + 3,2, —7); parametric form:
x=2+3y=—-1+2t,z=5—Tt

Vector form:r = (—3,8, —1) + #—3,5,2); parametric
form:x = =3 —3t,y =8 + 5t,t = —1 + 2t

Vector form:r = (6,—9,0) + (1,0, —4); parametric form:
x=6+ty=—9z=—4

Vector form: r = (0, —1,4) + 0, 0, 1); parametric form:
x=0,y=—-1,z=4+1

Midpoint of BC: (1, 1, —1). Distance from A to midpoint
of BC:

V(—1 =12+ 2 - 172+ (4 — (-1))> = V30

1 -=(-1,1—-2,-1—-4)=(2,-1,-5)

Direction vector: O —(—1),6 —2,—3—4)

= <1’ 47 _7>5 OA = <_1’ 27 4>5

r=(-1,2,4) + «1,4,-7)

Direction vector: (2, —1, —5) (from #34). The vector
equation of the line isr = (—1, 2, 4) + #2, —1, =5).
Direction vector: (2 — (—1),—4 — 2,1 — 4)

= (3,—6,—3), 0A = (—1, 2, 4),s0 a vector equation

of the line isr = (—1, 2, 4) + (3, —6, —3)

= (—1 + 3¢t,2 — 6t,4 — 3¢). This can be expressed in

parametric form: x = —1 + 3,y =2 — 61,z = 4 — 3t.

Direction vector: 2—0,—4—6,1— (—3))

= (2,10, 4), OB = (0, 6, —3) so a vector equation of
the line is r = (0, 6, —3) + (2, —10, 4)

= (2t,6 — 10¢, —3 + 4¢). This can be expressed in
parametric form: x = 2t,y = 6 — 10t, z = —3 + 4t¢.

Midpoint of AC: > -1, E) Direction vector:

1 5 1 11
<§ - 0, -1 — 6,5 - (_3)> = <§, _7, 7),

OB = (0, —6, —3), so a vector equation of the line is
1 11

=0,6,—3) + 1, —7,—
r =(0,6,-3) (2, , 2>

1 11
= <§ t,6 —7t,—3 + > t>.This can be expressed in

1 11
parametric form: x = Et’ y=6—"Tz=-3+ 7t.

46.

47.

48.

49.

50.

51.

— 1 1
Midpoint of AB: (_5’ 4, 5) Direction vector:
1 1 5 1
— —2,4—(—4),- —1)=(-2,8,—
< 2 > ( )’ 2 > < 21 87 2>1
OC = (2,—4, 1), s0 a vector equation of the line is

r=(2,—4,1) + z(—%, 8, —%}

5 1
= <2 - Et’ —4 + 8,1 — El>.This can be expressed in

parametric form: x = 2 — %t, y=—44+8,z=1— %t.
The length of AB =

V(0 = (=1))> + (6 — 2)> + (=3 — 4)> = V66; the
length of BC =

V(@2 =02+ (=4 — 6 + (1 — (—3))? = 2V30; the
length of AC =

V@2 = (—1))+ (=4 — 2> + (1 — 4)’ = V/54.The
triangle ABC is scalene.

M = (1,1, —1) (from #33). The midpoint of

— 33
AM = (0,2,>
(233)

(a) z
5

T T T

(b) the z-axis; a line through the origin in the direction k.

(a) z
-

T T B B
y

T T B B

5
X

L B |

(b) the intersection of the yz plane (at x = 0) and xy plane
(at z = 2);a line parallel to the y-axis through (0, 0, 2)

(a) -

5

L B |

T T T T T M T W
y

5
x

L B |

(b) the intersection of the xz plane (at y = 0) and yz
plane (at x = —3); a line parallel to the z-axis
through (—3, 0, 0)



52.

53.

54.

5S.

56.

57.

58.

59.

60.

61.
62.

(a)

(b) the intersection of the xz plane (at y = 1) and xy
plane (at z = 3); a line through (0, 1, 3) parallel to
the x-axis

Direction vector: (X, — X1, ¥, = y1, 2 — 2,
OP = (x1, ¥,, 23), S0 a vector equation of the line is
r=t (np—x)uyt (vt ot (22— 2)0.
Using the result from Exercise 49, the parametric
equations are x = x; + (x, — x)t,y = y; + (y, — y1)t,
2=z + (2 — )t
< Q (x2, y2. 20)
‘ |
I
’ﬂ R (xp, 2, 21)
P (xp, y1521) >
X
By the Pythagorean Theorem,
d(P.Q) = V(d(P.R)} + (d(R.Q))
= V(Vin = ) + 01— wPP + Iz — al)?

= \/ (1= 0+ 0 —w)+(a— )

Let u = (xy, y;, z1). Then

wu=x+y}+ 72

= (Vi o+ Ay

= P

True. This is the equation of a vertical elliptic cylinder.

The equation can be viewed as an equation in three vari-
ables, where the coefficient of z is zero.

False. Because the coefficient of ¢ is always 0, the equa-
tions simplify to x = 1, y = 2, z = —5; these represent
the point (1,2, — 5).

The general form for a first-degree equation in three vari-
ablesis Ax + By + Cz + D = 0.The answer is B.

The equation for a plane is first-degree, or linear; there
are no squared terms. The answer is A.

The dot product of two vectors is a scalar. The answer is C.

The conversion to parametric form begins with
x =2+ 1,y = —3 4+ 0t,z = 0 — 1¢. The answer is E.
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63. (a) Each cross-section is its own ellipse.

x=0: : + % = 1, an ellipse centered at (0, 0)
(in the yz plane) of “width” 4 and “height” 8.
y=0: x: + 1; =1, an ellipse centered at (0, 0)
(in the xz plane) of “width” 6 and “height” 8.
=0:— + yf = 1, an ellipse centered at (0,0)

(in the xy plane) of “width” 6 and “height” 4.

(b) Algebraically,z = V1 — x> — y? has only positive
values; 0 = z = 1 and the “bottom” half of the
sphere is never formed. The equation of the whole
sphereis x> + y* + 22 = 1.

(0 z

(d) A sphere is an ellipsoid in which all of the x = 0,
y = 0,and z = 0 “slices” (i.e., the cross-sections of
the coordinate planes) are circles. Since a circle is a
degenerate ellipse, it follows that a sphere is a
degenerate ellipsoid.

64. (a) Since i points east and j points north, we determine
that the compass bearing 6 is
RN af 2263\ o _ R
0=90 tan (193.88> ~ 90 — 6.66 = 83.34°.
(Recall that tan 6 refers to the x-axis (east) being
located at 0°; if the y-axis (north) is 0°, we must
adjust our calculations accordingly.)

(b) The speed along the ground is
\/(193.88)2 + (22.63)* = 195.2 mph

(¢) The tangent of the climb angle is the vertical speed
divided by the horizontal speed, so
125

195.2
~ 32.63°

6 ~ tan"!

(d) The overall speed is
V/(193.88)2 + (22.63)2 + (125)? =~ 231.8 mph
65.2—3,—-6+1,1—4)=(1,-5,-3)
66. (—2 + 6,2 — 8, —12 + 1) = (4, —6,—11)

67.iXj=(1,00 X(0,1,0 = —0,0—01—0) =
0,0,1) = k
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68. u-(u Xv)= 4. h =0,k =—2,4p = 16,s0 p = 4.
(Uy, Uy, Us) + (U3 — UZV,, U3V — ULD3, Uiy — UnD;) Vertex: (0, —2), focus: (4, —2), directrix: x = —4,
= (uyv3 — wsv,) + (U0, — wuyv3) focal width: 16
+ (u3v; — uyusvy) y
=0
ve(u Xv) = 10

(V1, V3, V3) * (V3 — UD, UsVy — U3, gDy — UsDy)
= (0103 = uzv10;) + (U300, — wy0y0;3)
+ (M11)21)3 - u2U11)3) L T R T N R R
=0 8
So the angles between u and u X v, and vand u X v,
both have a cosine of zero by the theorem in Section 6.2.
It follows that the angles both measure 90°.

X

5. Ellipse. Center (0, 0). Vertices: (0, £2V/2). Foci: (0, +V/3)

Bl Chapter 8 Review since e = VB =5 — /3,
Lh=0k=04p=1250 p = 3.
Vertex: (0, 0), focus: (3, 0), directrix: x = —3, M
focal width: 12 r
y B

L1 11 I[ml L1 11 X
V \j s
1 1 1 1 1 1 1 1 é X
6. Hyperbola. Center: (0, 0). Vertices: (0, +4).
Foci: (0, £V65) since c = V16 + 49 = V65.

10
2.h=0,k=0,4p = —8,s0p = —2.
Vertex: (0, 0), focus: (0, —2), directrix: y = 2, 10

focal width: 8 \

y

2+ EEEEEEEEN

]

<

5

10

X

/

7. Hyperbola. Center: (0, 0). Vertices: (£5,0),

c=Va + b = V25 + 36 = V61, so the foci are:
(+£V/61, 0)

<

3. h=-2,k=1,4p=—4,s0p=—1
Vertex: (—2, 1), focus: (=2, 0), directrix: y = 2, 10
focal width: 4

2+ SN SR EEEEE NN

10




8. Hyperbola. Center: (0, 0). Vertices: (7, 0),

c= V& + 6 =\V49 + 9 = \/58, 50 the foci are:
(+£1/58,0)

<

10

9. Hyperbola. Center: (=3, 5). Vertices: (—3 & 3V?2,5),
c=\Va + b = V18 + 28 = V46, so the foci are:
(=3 £ V46,5)

y
20+

N

10. Hyperbola. Center: (7, 3). Vertices: (7,3 + 3) = (7,0)
and (7,6),c = Va2 + b =\V9 + 12 = V21, so the
foci are: (7,3 £ V21)

y
13

11. Ellipse. Center: (2, —1). Vertices: (2 £+ 4,—1) = (6, —1)
and (-2, —1),¢c = V> — b> = V16 — 7 = 3,50 the
fociare: (2 £ 3,—1) = (5,—1) and (—1, —1)

AT N\

12

13.
14.
15.
16.
17.
18.
19.

20
21

22

Chapter 8 Review

. Ellipse. Center: (—6, 0). Vertices: (—6, +6)

c=\Va — b* = V36 — 20 = 4, so the foci are:
(=6, £4)

X

(b)
(2)
(h)
(e)
®)
(d)
(c)
- (a)
. B> — 4AC = 0 — 4(1)(0) = 0,
parabola (x> — 6x + 9) = y + 3 + 9,
so(x —3)?2=y+ 12
y
40

) N N N O N N 14 I |
N

10

X

LB — 4AC =0 — 4(1)(3) = —12 < 0,
ellipse (x> + 4x + 4) + 3> = 5 + 4,
(x+2)
R !
SO 9 3
y
4

'2x

d

349
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23. B> — 4AC = 0 — 4(1)(—1) = 4 > 0,

27. B> — 4AC = 0 — 4(2)(—3) = 24 > 0,

hyperbola (x> — 2x + 1) — (y> — 4y + 4) hyperbola 2(x*> — 6x + 9) — 3(y* + 8y + 16)
=1—4+6 = 18 — 48 — 60, so
(1P 2 SRR
3 3 30 45
y y
Tr 10F
: X| 1 I/I X
L -10 15
1 1 1 1 : 1 1 1 1 1 é X :
- 15k
2 — —

24. B —44C =0 = 4(1)(0) = 0 28. B — 4AC = 0 — 4(12)(—4) = 192 > 0,
parabola (x* + 2x + 1) = —4y+7+1, hyperbola 12(x* — 6x + 9) — 4(y* + 4y + 4)
so(x +1)°=—4(y = 2) =108 — 16 — 44, s0

y (x—3)2_(y+2)2:1
o 4 12
1 1 1 1 1 1 | 1 1 1 X
5 1
/ ~ 1 1 -\I 1 1 1 I/I 1 1 X
N -2 8

25. B? — 4AC = 0 — 4(1)(0) =

parabola (y*> — 4y + 4) = 6x + 13 + 4, -5
)

o(y—2)2=6(x

10

26. B> — 4AC = 0 — 4(3)(0) = 0,
parabola 3(x> — 2x + 1) =4y + 9 + 3,

so(x—1)2=i

3(y +3)

LI S e e e

| <

29. By definition, every point P(x, y) that lies on the parabola
is equidistant from the focus to the directrix. The distance
between the focus and point P is:

\/(X -0+ (y—p)P= Va2 + (y — p)? while the

distance between the point P and the line y = —p is:
Vi(x — x>+ (y + p)> = V(y + p) Setting these
equal:

Va2 + (y = p?=y+p
X+ (y=p)P=(y+p)
Xyt =2py + pP =y A+ 2py £ P
x* = 4py
30. Let the point P(x, y) satlsfy y* = 4px.Then we have
v = 4px
x}—=2px + p? + yP = x>+ 2px + p?
(x=p)+y=(x+p3?+0
(x=pP+(=07=(x—(=p)+ -y’
Vix=p)P+ (=02 =V(x—(=p)+ (y— )
distance from P(x, y) to (p, 0) = distance from P(x, y)
tox = —p
Because P(x, y) is equidistant from the point (p, 0) and
the line x = —p, by the definition of a parabola,
y* = 4px is the equation of a parabola with focus (p, 0)
and directrix x = —p,




31. Use the quadratic formula with a = 6,b = —8x — 5, and
¢ = 3x*> — 5x + 20.Then b* — dac = (—8x — 5)?
— 24(3x* — 5x + 20) = —8x* + 200x — 455, and

112 [8); + 5+ V—8x + 200x — 455} — an ellipse

y=

[0,25] by [0,17]

32. Use the quadratic formula with a = 6,b = —8x — 5, and
¢ = 10x* + 8x — 30.Then b* — 4ac = (—8x — 5)*
— 24(10x* + 8x — 30) = —176x* — 112x + 745, and

1
— [8); + 5+ V—176x7 — 112x + 745} an ellipse

T
9%

y =

!

[—5,5] by [3,3]
33. This is a linear equation in y:
(6 — 2x)y + (3x*> — 5x — 10) = 0. Subtract
3x*> — 5x — 10 and divide by 6 — 2x, and we have
3x* = 5x — 10
2x — 6

7

y = — a hyperbola.

"'-ﬂl

[-8, 12] by [-5, 15]

34. Use the quadratic formula with a = —6,b = 5x — 17,
and ¢ = 10x + 20.Then b* — 4ac = (5x — 17)?
+ 24(10x + 20) = 25x* + 70x + 769, and

1
|:5x — 17 + V2522 + 70x + 769} a hyperbola.

T
/{/—

[—15,15] by [-10, 10]
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35. Use the quadratic formula with a = —2,b = 7x + 20,
and ¢ = —3x*> — x — 15.Then b* — 4ac = (7x + 20)?
+ 8(—3x* — x — 15) = 25x* + 272x + 280, and

1
Y=g |:7x +20 + V25x2 + 272x + 280} a hyperbola.

{

[—24,20] by [—20, 15]

al

36. Use the quadratic formula witha = —2,b = 7x + 3, and
¢ = —3x*> — 2x — 10.Then b* — dac = (7x + 3)?
+ 8(—3x* — 2x — 10) = 25x*> + 26x — 71, and

1
y=1 |:7x + 3 4+ V25x% + 26x — 71} a hyperbola.

[ —

7

[—15,15] by [—15, 15]
3. h=0,k =
as y> = 8x.
38. h =0,k = 0,14pl = 12, and the parabola opens down-
ward, so x> = —12y (p = —3).
39.h=-3k=3p=k—y=3—0=3(sincey =0is
the directrix) the parabola opens upward, so
(x +3)* = 12(y — 3).
40. h = 1,k = —2, p = 2 (since the focal length is 2), and
the parabola opens to the left,so (y + 2)> = =8(x — 1).

0, p = 2, and the parabola opens to the right

41. h=0,k =0,c =12anda = 13,50 b = Va? — ¢?
2 2
y
=V169 — 144 =5 "+ =1
69 5169 25
42.h—0k—0c—2anda—6sob= at — ¢
V36—4—4\f—+3—2 1
43. h =0,k =2,a=3,c=2— h(soc =2)and
b—\/az—c—\/9—4—\/§
2 y-2y
+0 =1
9 5
4. h= -3 k=—4a=40=-3+cc=3,

b=Va—c=V16—-9=\V75s0
(x+3)2+(y+4)2:
16 7
45. h =0,k =0,c =6,a =25,
b=V —d=\V36—25=\V1l,s0

yo_x_

25 11

O S 2y
46.h—0,k—0,a—2,a—2(b—4),so4 16_1
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

b 4
h=2,k=l,a=3,* *(b_g = 4),s0
-2 o1

9 6
h=-5k=0c—k=3(c=3),a—k=2(a=2),
b=V —a=V9—4=1\550
¥ (x-i-S)2
4 5
X y 2y
- = == —t+—=1— ipse.
5 costand2 sin ¢, sO 5 4 1 — an ellipse
x y P
Z—smtandg—costsoBvL%—l—anelhpse
x +2=costand y — 4 = sint,so
(x +2)>+ (y — 4)> = 1 — an ellipse (a circle).

-5 + 3
x3 —costandy = sin t, so
x — 5)? + 3)?

( 5 ) (y9 S Lor(x— 5P+ (3 =0
— an ellipse (a circle).

2 2
% = sectand% = tant, o5~ % = 1 — a hyperbola.
x y 2y
1 sectandg tan ¢, T = 1 — a hyperbola.

—
—

[—8, 3] by [—10, 10]
Parabola with vertex at (2,0),s0h = 2,k = 0,e = 1.

The graph crosses the y-axis, so (4, %) = (0, 4) lies on the

parabola. Substituting (0,4) into y* = 4p(x — 2) we have
16 = 4p(—2), p = —2.y* = —8(x — 2).

N/

[—10, 10] by [—4, 10]

5
e = 1,s0 a parabola. The vertex is (h, k) = (0,— 5) and

the point (5, 0) lies on the curve. Substituting (5, 0) into
5 5 5
—4p(y+5),wehaV625 —4p(5),p >

5
= IO(y + 5)

57.

A
N,

[—3,3] by [—2,2]

—_

e = —,so an ellipse. In polar coordinates the vertices are

3
(2,0) and (1, 7). Converting to Cartesian we have (2, 0)
0

)
1 1
and (—1,0),s02a = 3,a = —,c = ea = fand

l\)\u
t\)\w

3
the center (h, k) = (2 - = O) ( ) (since it’s

symmetric about the polar x-axis). Solving for

\/TW\/E\/E

58. /+\

/\
N\»—k

N\‘<

[—2.3,2.3] by [~2.1]

1
e = —, so an ellipse. In polar coordinates the vertices are

(33)om ocansin e e

8
(0 5) and (0, —1),s0 2a AT pcTea= o=

3 4 —1 N
the center (h, k) = (0,§ g) = <O,?) (since it’s

symmetric on the y-axis). Solving for

4\? 1\ 15 3
2 2 2 (*) _[1L 2
br=a—c (5) <5> 25 5

37 . .
> ) Converting to Cartesian we have

59.

[—8,8] by [—11,0]
7
>soa hyperbola. In polar coordinates the vertices

e =
35 3

are ( ) and (?, 7”) Converting to Cartesian we

28 14

—-35
have (0, —7) and (O,T),so 2a = 5 La = R



14 49
5= the center (4, k)

—35 14 —49
~ (02 = (072

on the y-axis). Solving for

_a—al (Y (1A _2v5 _7vs
b=Ve—a= (9) (9)_ 9o 3

49')?
y+
S(y 9)_9;8_1

196 245

c—ea—z
2

) (since it’s symmetric

60.

N

[_2’ 6] by [_2’ 3}

5
e=7,s0a hyperbola. In polar coordinates the vertices

15
are (7, 0) and (—5, 7). Converting to Cartesian we

15 20 10
have (7, O)and (5,0),802a = 7,a = e
5 10 25
c=ea == 7the center (h, k)

5+ 15/7 25 o )
=\ 0)= EL 0 ) (since it’s symmetric on

the y-axis). Solving for b*> = a* — ¢
_(BY (o) 2575
7 7 49 7

25\2

100 75
[—20,4] by [—8, 8]
e = 1, s0 a parabola. In polar coordinates, the vertex is

2

1

61.

(1, 0) and the parabola crosses the y-axis at (2, g)

Converting to Cartesian form, we have the vertex

(h, k) = (1,0) and a point on the parabola is (0, 2). Since
the parabola opens to the left, y* = 4p(x — 1).
Substituting (0, 2), we have 4 = —4p, p = —1

Y =4 =)

T
.

[—1.7,7.7] by [-3.1,31]

62.

63.

64.

65.
66.
67.
68.

69.

70.
71.
72.

73.

74.

75.
76.
71.
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e = 1, so this is a parabola. In polar coordinates, the ver-

1
tex is (E’ 77) and the parabola crosses the y-axis at
(1, %) Converting to Cartesian form, we have the

1
vertex (h, k) = (—5 0) and a point on the parabola is

(0,1). Since the parabola opens to the right,
1
yr = 4p(x + 5) Substituting (0, 1), we have 1 = 2p,

p=%.y2=2<x+%>
V@ = (=1)2+ (=2 — 02 + (—4 — 3)?
= \Vi6 ¥4 F49 = V69

(3—1—2+o—4+3>_(1_1_1)
20 2 2 2

v+w=(31-2)+ 3,40 =(0,-3,-2)
v—w=(31-2)—(3,—4,0) = (—6,5,—2)
vew=(=3,1,-2)-3,—4,00=—9 —4+0=-13
M=V(=3) + P+ (=22 = VO +1+4=V14
w_ G40 e

’w’ - 2+ (—4)? + 02 o <5’ 5 >

(vew)(v + w) = —13(0, =3, —2) = (0, 39, 26)

(x+ 12+’ +(z—3)7=16

The direction vector P_Q) is(3—(—1),—2—0,

—4 — 3) = (4, —2, —7). Since the line / through P in the
direction of P—Q) is! = (—1,0,3) + ¢ (4,2, —7), the

parametric equations are: x = —1 + 4¢, y = —2¢,
z=3—-"Tt
The direction vector is (—3, 1, —2) so the vector equation

of a line in the direction of v through P is
r=(-1,0,3) + «-3,1-2)

- 1
The mid-point M of PQ is: (1, —1, —5) (from Exercise

— 1
#64) so OM = <1, -1, —§> The direction vector is
w = (3,—4,0), so a vector equation of the line is

1
v = <1 + 3t,—1 — 4t, _E> This can be expresses in

1
parametric form:x =1 + 31,y = =1 — 41,z = >

4p = 18,s0 p = 4.5; the focus is at (0, 4.5).

4p = 15,50 p = 3.75; the focus is at (3.75, 0).

(a) The “shark” should aim for the other spot on the
table, since a ball that passes through one focus will
end up passing through the other focus if nothing gets
in the way.

(b) Leta = 3,b = 2,and ¢ = V5. Then the foci are at
(—V/5,0) and (5, 0). These are the points at which
to aim.
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78.

79.

80.

The total radius of the orbit is r = 0.500 + 6380
= 6380.5 km, or 6,380,500 m.

(a) v = 7908 m/sec = 7.908 km /sec

(b) The circumference of the one orbit is 27r ~ 40,090
km; one orbit therefore takes about 5070 seconds, or
about 1 hr 25 min.

The major axis length is 18,000 km, plus 170 km, plus the

diameter of the earth, so a ~ 15,465 km = 15,465,000 m.

At apogee, r = 18,000 + 6380 = 24,380 km, so v ~ 2633

m/sec. At perigee, r = 6380 + 170 = 6550 km, so

v =~ 9800 m/sec.

Kepler’s third law: 7% = @, T is in Earth years and a is in

AU.

Ry ( 409 days
365.2 days/year

¢ = ae = (161 Gm)(0.83) ~ 134 Gm

perihelion: a — ¢ = 161 Gm — 134 Gm = 27 Gm

aphelion: a + ¢ = 161 Gm + 134 Gm = 295 Gm

2/3
) ~ 1.08 AU = 161 Gm

Chapter 8 Project
Answers are based on the sample data provided in the table.

1.

[0.4,0.75] by [-0.7, 0.7]

2. The endpoints of the major and minor axes lie at approxi-

mately (0.438,0), (0.700, 0), (0.569, 0.640) and

(0.569, —0.640). The ellipse is taller than it is wide, even
though the reverse appears to be true on the graphing
calculator screen. The semimajor axis length is 0.640, and
the semiminor axis length is (0.700 — 0.438)/2 = 0.131.
The equation is

(y —0)* (x — 0.569)*

(0.640)? (0.131)?

. With respect to the graph of the ellipse, the point (4, k)

represents the center of the ellipse. The value a is the
length of the semimajor axis, and b is the length of the
semiminor axis.

. Physically, 7 = 0.569 m is the pendulum’s average dis-

tance from the CBR, and k = 0 m/sec is the pendulum’s
average velocity. The value ¢ = 0.64 m /sec is the maxi-
mum velocity, and » = 0.131 m is the maximum displace-
ment of the pendulum from its average position.

5. The parametric equations for the sample data set (using

sinusoidal regression) are
x;7 ~ 0.131 sin(4.807 + 2.10) + 0.569 and
yir ~ 0.639 sin(4.807 — 2.65).

moo
umuﬁumuufah!.‘.
+

+ +
+
+

+*
+
That

[-0.1, 1.4] by [-1, 1] [0.4,0.75] by [-0.7, 0.7]
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