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57. () V2= (V,,)? Sin? (120mt)
Using NINT:

1
av(V?) = % jo (V. )?sin? (120mt) i

1 1 (Vu)?
= (V) fo Sn? (120mt) ot = (V)% = e
V. = (Vmax)2 — Vmax
rms 2 N

(b) V,, = 240V/2 ~ 339.41 volts

Chapter 6
Differential Equations and
Mathematical Modeling

m Section 6.1 Antiderivatives and
Slope Fields (pp. 303-315)

Exploration 1 Constructing a Slope Field

1. Asi andj vary from 1 to 10, 100 ordered pairs are pro-
duced. Each ordered pair represents a distinct point in the
viewing window.

2. The distance between the points with j fixed and i = r and
i =r + 1isthe distance between their x-coordinates.

{Xmin + (2(r +1) - 1)2] - {Xmin +(2r — 1)2]
:(Xmin—Xmin)+(2r+2—1—2r+1)g:h

3. The distance between the points with i fixed and j = r and
j = r + listhe distance between their y-coordinates.

{Ymin +@r+1) - 1)%] - {Ymin +(2r - 1)%}

:(Ymin—Ymin)+(2r+2—1—2r+1)g:k

4. Hereh = k = 1. Each line segment in the third column has

slope ﬂ, because the x-coordinate of the midpoint of each

135 19

lin ment is2.5. Th rdin. R
e segment is 2.5. The y-coordi aﬁ&sare2 >

The 10 graphs are graphs of the functions
- (g)(x ~25)+2,2=x=3forn=135,.,19
The length of the line segment can be increased or

decreased by adjusting the restriction 2 = x = 3.

ARG

[0, 10] by [0, 10]

5. Again h = k = 1. The y-coordinate of the midpoint of each

line segment is Z. The x-coordinates of the midpoint of

135
each line segment areE >
slopes of the line segments are
2 2 2 2
T

The 10 graphs are graphs of the functions.

1?9. From left to right the

/ T P L

[0, 10] by [0, 10]

6. For each line segment in part (5), make a column of paral-
lel line segments asin part (4).

7. WL
Quick Review 6.1
1. 100(1.06) = $106.00

2 100(1 + %) ~ $106.14

3 100(1 + %> ~ $106.17
12
4 100(1 + @) ~ $106.18
365
dy _ d
5. == sin 3x = (cos 3x)(3) = 3 cos 3x
dx  dx
6. - dns (sec2 §x><§) =2 gec2 5y
dx dx 2 2 2 2 2
7. ¥ = 4 e = (ce?)(2) = 2ce*
dx d
dy _ 1
. —= + = —
8 In x+2=—



10.

7

[0.01, 5] by [—3, 3]

By setting the left endpoint at x = 0.01 instead of x = 0,
we avoid an error that occurs when our calculator attempts
to calculate NI NT(%, X, 1, O). The graph appears to be the

same as the graph of y = In x.

y

[-5, —0.01] by [3, 3]

By setting the right endpoint at x = —0.01 instead of x = 0O

we avoid an error that occurs when our calculator attempts

to calculate NI NT(%, X, —1, 0). The graph appears to be

the same as the graph of y = In (—X).
Section 6.1 Exercises
1 f(x2—2x+ 1)dx=%3—x2+x+c
Check:
;X(Xs X2+ X+ C)—x2—2x+l
2. f(—3x’4) dx=x"3+C
Check:
dxdro =t
3
3. f(x2 —4Vx) dx = f(x2 — 4xY2) dx = % - §x3’2 +C
Check:
%<§—§X3’2+C):x2—4x”2:x2—\/§
4, j(8+ cscxcotx) dx = 8x —cscx + C
Check:
%(SX— cscx + C) = 8 + csc x cot X
5. fe“x dx = %e“x +C
Check:
i)

Section 6.1

1
6 [ d=Inx+3+C
Check:

d _ 1
&[|n|x+3\+(:]——x+3

7. [0 —6x+3)dx=%—3x2+3x+c
72 2
3 _ — X _
8f(x + X — 1) dx 2+2 x+ C

9. j(e‘”—%) dt= [~ st

=22 +5t71+C
:2e”2+%+c

10. f%\a/fdt:f%t”3dt=t4’3+ C

11. J<x3 - X—l3> dx = J 3 ;);‘3) dx
2
Lic

x
hN

e Y

+X4cC

+
2X

12. J<\/>_< \/)_() dx = f(x”3 + x~ Y3y dx

= 3y43 gxm +C

13. J%x‘z’g’ dx=x¥3+C

cos 3X

14. f(3§nX*§n3X)dX=*3COSX* +C

15, fﬂcos(ﬂx> dx:sin<1x>+c
2 2 2
16. fzsecttantdt=2sect+c

17. J<—+ ) dx=2Injx—1+Inlx +C

18. f L snbx— e ) dx
X—2

Cos 5x

—2x
+&+cC
2

19. fssec25rdr=tan5r+c

=Injx—2/ -

20. fcsc27tdt:—°°t7t+c
21. fcoszxdx=fm dx

_j( cost>

:_+S|n2x+c

2 4

2. fsinzxdx=fwd

_f( cost) de=X_ SN2,

2 4

23. [ten? 6 do = [(sec?9 — 1) d = tan6 — 6 + C

233



234 Section 6.1

dy _ 2
24. [cot?tet = [(csc?t - ot = —cott —t + C 2. g T sEeX
dy o _ 2
25. (a) Graph (b) f& dx = f sec” x dx
(b) The slope is always positive, so (a) and (c) can be ruled y=tanx+C
out.
26. (a) Graph (b) Initial condition: y(%) =-1
(b) The solution should have positive slope when x is —-1= tan% +C
negative, zero slope when x is zero and negative slope —1=1+C
when xis positivesinceslope:%: —X. Graphs (8) _2=¢C
and (c) don’t show this slope pattern. Solution: y = tan x — 2
27. dy -1
fdydx:j@x—l)dx
y=x>—x+C .
Initial condition: y(2) = 0 [ > 5] by [-8, 8]
0=22-2+C d
y —-213
0=2+C 30. =X
-2=C dy _ [y-23
Solution: y = x> — x — 2 f dx = f dx
Ht\{t:ﬁi/ﬂ y=3aB+cC
B AT .
R N Initial condition: y(—1) = —
tltt“yﬂﬂ -5 =3-)¥+cC
i
-2=C
28 Q—iz_;_x ptlatbalets! W tfent—
dx X ,,,,,E ==
dy — *2 - R
fdxdxff %) e s
- o T
y = xl+2+C et
2 — —
y:X_7%+C [-4.4] by [-8 4]
Initial condition: y(2) = 1 3L % =9x°—4x+5
2 1 dy
== —— 4 Uy — 2 _
1 2 c fdxdx [ - ax+ 5) x
1=5+C y =33 -2x>+5x+C
2 Initial condition: y(—1) =
2 _ 3 2
Solution:y =X -1 _1 0=3-1)"-2(-1)"+5-1)+C
2 x 2 0=-10+C
10=C

Solution: y = 3x® — 2x% + 5x + 10

,,,
d

e e i
e

B )
D N ST

A g

B oY

m -

.—|

—6,6] by [—4, 4]



33.

d = CosX + sinx

dx
fﬂdx =J(cosx+sinx) dx
dx

y =sinx—cosx+ C

Initial condition: y(7) = 1
l=snw—cosw+C

1=1+C

0=C

Solution: y = sin X — cos x
dy _ 5.t
p 2e

dy o _ —t

fadt—fZe ot
y=-2t'+C

Initial condition: y(In2) = 0
0=-2"2+C
0=-2+cC

2
1=C

Solution:y = —2e '+ 1

2
=

dydx =x

(1

f&dx—f;dx
y=Injx+C

Initial condition: y(e®) = 0
0=InE})+C
0=3+C

—3-C
Solution: y = In|x — 3

35.

36.

Section 6.1

dy _
d . (o
deH—anOdB

dy

- = — +

> cos 6 C1

Initial condition: y'(0) = 0

0= —cosO0 + Cl

0=-1+C,

1=¢C,

First derivative: (%’ = —cosfh + 1
ay oo — [(_

f%de = [(~coso + 1) do

y=-sing +6+C,

Initial condition: y(0) = —3

—3=-sn0+0+C,

Solution:y = —sinf + 6 — 3

Y gy = o
o dx =2 — 6x
Y g = [(o—
fwdx— -6

dy _ 2

Pl 2x =3+ C;
Initial condition: y’(0) = 4
4=20) - 3(02+C,
4=C,
First derivative: % =2x—-3%+4

dy o — _ a2

f&dx— j(2x 3x° + 4) dx
y=x2—x3+4x+C,
Initial condition: y(0) = 1
1=07-0°+4(0) + C,
1=C,
Solution: y = x> — x® + 4x + 1

ory=—x2+x+4x+1

235



236 Section 6.1

37.

dy_1

dts 3
@dt—ft’g’dt
dt3

d? 1,-2
SY- t2+cC
dt? 2 1

Initial condition: y"(1) = 2
_ 1. -2
2= _E(l) +C,

1
2-i-C1

2
S5_¢c
2

1

Second derivative: d—g - -1
dt 2

d2y 2, 5
[ o= | ( L 2) ot
dy _ 1
o t + t + C
Initial condition: y'(1) = 3
L1458
3 2(1) + 2(1) +C,
3=3+C,

0=C,

First derivative: gy 2 -1y

fdy dt = f(%t’l + Et) dt
y= EIn\t| + %t2+ C,

Initial condition: y(1) = 1

In1+ (1)2+C3

'_\
I

+C

1
2
5.
4 3
=G,

h\l—\

Solution; y =

Linjy + 32 -2
2 2

2,3
2

5

2

38.

39.

d4y —sn6 + coso

ISZX do = f(sin@ + cos 6) do
dy
de®

Initial condition: y®(0) = —

= —Ccosf +snf + C1

—3=—cos0+sin0+C,
-3=-1+C,
-2=C,
Third derivative: % = —cosf +sng — 2
jgjg d6 = [(~cos6 +sin6 — 2) do
372=—sin0—0030—29+02

Initial condition: y"(0) = —
—1= —sin0—cos0—2(0) +C,
-1=-1+C,

0=C,
Second derivative: j%{ = —snf —cosh — 20
jjeg do = f(—sine — cos6 — 26) do
%zcost9—sjn6—¢92+c3
Initial condition: y'(0) = —
—~1=cos0—sin0— 0%+ C,
-1=1+C,
-2=C,
First derivative: d;' =cosfh —sinh — 6% — 2
fdyde—f(cosa—sne—ez—Z)de
y=sm6+cose—%3—20+c4

Initial condition: y(0) = —
0®

—3=438n0+ cos0 — 3 —2(0)+C,
-3=1+C,
—-4=C,

3
Solution:y:sin0+cose—%—20—4

9 _y-98t+5
ot

ds ,,
adt—f(g.sws)on
s=49t2+5t+C

Initial condition: s(0) = 10
10 = 4.9(0)?> + 5(0) + C
10=C

Solution: s = 4.9t% + 5t + 10



40, =y =gnat
dt
ds ., (.
JE dt = fsm art dt
S= -1 cos7wt + C
T
Initial condition: s(1) = 0
0= -1 cosw + C
a
o=1+c
a
1_¢
w

Solution: s = 1 cos it — 1
T a

ors= —l(l + cos 7t)
m

4. ¥_oa=23

dt

dv .
fadr—fszm
v=32t+C,
Initial condition: v(0) = 20
20 = 32(0) + C,
20=C,

Loods

Velocity: a v=32t+ 20

ds ,,
fadn-f@m+2mdt
s=16t% + 20t + C,
Initial condition: s(0) = 0
0 = 16(0) + 20(0) + C,
0=0
Solution: s = 16t2 + 20t

42

43.

45,

46.

47.

48.

49

Section 6.1

av _  _
.E—a cost
dv ,,
jadt—fcostdt
v=sint+C,
Initial condition: v(0) = —1
—1=sn0+C,
-1=C,
Velocity:$=v=sintfl
ds , il
jadt—f@nt 1) dt
s=—cost—t+C,
Initial condition: s(0) = 1
1=-cos0—-0+C,
1=-1+C,
2=C,

Solution: s= —cost —t + 2

h Wt e e — — —
hoh e e - —
LS T R S
[ e - — —
Y e —
o == - — —
L
L e
R et
e e - — -
[-2.21by[-3,3]
[ ol S W T
L oy - N
N i N
.'.-'.-".-:‘.a.-’/j-}‘-\‘-.
AL == h
L -~ = "3
s El e SR S
AN ) SR
P A ol W T §
4 KA
[-2, 3 by [-3,3]
d -1 1
—(tan"*x+ C) =
dx( ) 1+ x2
dsn"Ix+C)=—2+
dx 1—x2
d —1 1
—(se¢™ X+ C) = ———
dx VX2 -1
9(—costx+0C)=—-1
dx 1-x2
dy 1
@ L=x—-=
@ dx X2

dy o [ o

f&dg—f(x x2)d>2<

y=%+x’1+C=%+1+C
X

Initial condition: y(1) = 2

2
2=-L4+lic
21
2=3+cC
2

1_
Z=c

2
Solution:yzx—+l+l,x>0
2 X 2

237



238 Section 6.1

49. continued

50.

51.

iny=x41
(b) Again,y = > +X+C.

Initial condition: y(—1) = 1

_1\2
1=, 1 ¢

2 (-1)
1=-1+c

2
3_¢
2 2
Solution:y=x—+1+§,x<o

2 X 2

dy _df1, %
(c) Forx<0,dx <X+ +C,

dx 2
1
= 2 +x
2
1
=X—- .
2
df1, x2
Forx>0 ¥ =941, X ¢
d dx(x 2 2)
1
== +x
2
1
X2

And for x = 0, % is undefined.

(d) Let C, bethe value from part (b), and let C, be the

3 1
value from part (a). Thus, C1=EandC2=E.
(e y@=-1 y(=2) =
2 YA
-1=142 ¢ 2= 1 42, ¢
2 2 2 (-2 2
5 3
—1:§+C2 2:E+C1
7_ 1_
7§_C2 E_Cl
Thus,ClziandC S
2 2 2

J% dx = f(?;x2 — 6x + 12) dx
r=x3-3x2+12x+C
Initial condition: r(0) = 0
0=0%- 30+ 12(0) + C
0=C

Solution: r(x) = x3 — 3x® + 12x

f% dx = [(3x2 — 12x + 15) ok
c=x3—6x2+ 15x + C

Initial condition c(0) = 400
400 = 0° — 6(0)% + 15(0) + C
400=C

Solution: ¢(x) = xZ — 6x? + 15x + 400

52. (a) [1(x) ok = | %(xzex) dx = 26" + C
(b) [g0) dx= f%(xsinx) dx = xsinx+ C
© [1-1001 dx= —[1(9 dx = %"+ C
(@ [1-900] dx = — [g9 dx = —xsinx+ C

© [1Fe) + 909 dx= [ ox + [g) e

=x%*+ xsnx+ C

0 1160 — 909 dx = [£) o — [g) dx

=x%* - xsnx+ C

@ [Dx+ 1001 = [xax + [f(x dx=%2+x2ex+c

() [lo09 — 41 dx = [g o — [4 = xsinx — 4x + C

2
53. (a) f%dt: B
ds _
®-k+c
Initial condition: % = 83whent =0
88 = (—K)(0) + C,
88=C,
Velocity: % - —kt+88
ds
- = —_ +
% o [+ 88y
s= X2+ 88 +cC,
2
Initial condition: s=0whent=0
0= X072+ 880) + C,
0=c,

. kt2
Solution: s = 5 + 88t

ds _
(b) a0
~kt+88=0
_8
=
© s<8—k8)=242
_k(88\* | go(88) _
2(k> +88<k> 242
3872 _ o4
k
k = 16 ft/sec?



2,
54. We first solve%’ = —k with theinitial conditions

55.

s'(0) = 44 and s(0) =

d3s
—dt=—k
dt?

ds

= =—kt+
dt kt+C

Initial condition: s'(0) =
44 = (-k)(0) + C,
4 =C,
Velocity: % = —kt+ 44
ds
=dt= |(—kt +
% [+ aay o
s=—X2yam+c
2 2
Initial condition: s(0) = 0
k
75(0)2 +44(0) + C,
0=C,
Position: s = —%tz + 44t
ds

Now % =
e

% seconds to stop, and we require:

f3)-e

_5@2 " 44(&> — 45

—kt+44=0whent=%,soittakes

968
3 =45
k=28_ 215
45
It requires a constant deceleration of approximately
21.5 ft/sec?.
dt2 Sdt= [-520t

ds
—==-52t+
& 52t +C,

Initial condition: % = Owhent =0
0=-520) +C,
0=C,
Velocity: % = —-52t
ds . _ (_
fadt - f 5.2 dt
s=—26t2+C,
Initial condition: s=4whent =0
4=-26(072+C,
4=C,
Position: s(t) = —2.6t% + 4

Solving s(t) = 0, we have t?> = % so the positive

solution ist = 1.240 sec. They took about 1.240 sec to fall.

Section 6.1

2
56. Solving d—s =a 50) =

Sy and v(0) = Vo'
dt2 Sdt = f adt
ds
—=at+
p =at+C;

Initial condition: s'(0) = v,
= (@0 +C,

Vo= Cy

Velocity: % =at+v,

[£at= [(at+ vy et

s:%t2+v0t+ cC,

Initial condition: s(0) = s,

%= 507+ (O + G,

$%=C;

Position: s = gtz +Vt+ s,

57. We use the method of Example 7.

v="Lmn= 1 gh) h= —h3
3 \5

3
av _ £<4_77h3>
dt dt
1 4 zdh
\/_ 25 dt
,é — h3/2@
241 dt

_[25 4 — [p3rdh
2 g Jn N
,ét = gh5/2 +C
247 5
Initial condition: h = 10 whent = 0.

25 2 5/2
-=2(0) == +
2477(0) 5(10) ¢
_ _ 20452
C 5(10)
25 4= Zh5/2 _ 2(10)5/2
2477 5 5
_ 125t _ h5/2 — 105/
487
pol2 — 125t | 40502
@ 2/
5
h= (—@ + 105’2)
481

2/5
The height is given by h = ( g 105’2> and the

volume is given by

6/5
_dmp_ (1251 )
5 75\ 487

239



240 Section 6.1

58. (@) y = 500e%0475t

(b) 1000 = 500e00475t

2 — g0.0475t
In 2 = 0.0475t
_ _In2 ~ 146
0.0475

It will take approximately 14.6 years.

59. (a) y = 1200e%06%%

(b) 3600 = 1200e0-0625t

3 — g0.0625t
In 3 = 0.0625t
_ _In3 _ 176
0.0625

It will take approximately 17.6 years.
X
60. (a) fxz cos X dx = f t?costdt + C
0

0
(b) Werequiref t?costdt+ C=1,s0C=1.
(0]

X
The required antiderivative isf t? cost dt + 1.
0
X
61 (a) [xe*ax=[teldt+ C
0

0
(b) Werequiref te'dt+C=1s0C=1
(0]

X
The required antiderivative is f te' dt + 1.
(0]

2
62. (a) f% dx = [x o
dy _ A2
ol 3x“+C;
Initial condition (horizontal tangent): y'(0) = 0
0=30)*+C,
0= C1
First derivative: % = 3x2
dy 4, _ [ay2
f & dx = fsx dx
y=x+C,
Initial condition (contains (0, 1)): y(0) = 1
1=(0®+C,
1=C,

Solution: y = x% + 1

(b) Only one function satisfies the differential equation on

(=00, ) and the initial conditions.

63. Use differential equation graphing mode.

65.

For reference, the equations of the solution curves are as
follows.

(1, 1):y = XD

(—1,2):y = 2e¥-D2

0, —2):y = —2e7?

(=2, 1)y = —eX=972

[ Do
11 Do
Vol ol
Lo A

—_—
e
———
—_—

[~6,6] by [-4,4]
The concavity of each solution curve indicates the sign of
yH.

. Use differential equation graphing mode.

For reference, the equations of the solution curves are as
follows.

0, 1):y=¢"
(0, 2): y = 2¢*
0, -1):y=—¢*
.-'.-'.'.-'.-"J A
LR A7
f.fff% oy
P A
o g T
] ]
- LML
xxmxx\\x\x\
LR b L Y
L &Y LIS

[-4,4 by [-3,3]
The concavity of each solution curve indicates the sign of
y.
Use differential equation graphing mode.
For reference, the equations of the solution curves are as
follows.
(0,1):y=—-3>+4
0,4:y=4
(0,5:y=e*+4

L S T o
LR S ¥ doad
A
P TR
H\HJi\\H\H
Mohoh R W WM AN
] R
'.'l.'.'l.'.\'\.'-'\.'-
L T L R A !

[-3,3] by [—4, 10]
The concavity of each solution curve indicates the sign of
y”.



66. Use differential equation graphing mode.

For reference, the equations of the solution curves are as

follows.
R |
ODy=——3
iy 2
02ry=-5"
R |
(0,0:y=0

[—2.35, 2.35] by [~ 1.55, 1.55]

The concavity of each solution curve indicates the sign of
y”.

67. (a) %(Iner Q) =%forx>0

) gin0+a =4 L= (L=

forx<O0

(©) Forx>0,In[x + C =Inx+ C, whichisasolution
to the differential equation, as we showed in part (a).
Forx < 0,In|x + C=In(—x) + C, whichisa
solution to the differential equation, as we showed in

part (b). Thus, % In|x = %for all x except 0.

(d) Forx <0,wehavey = In(=X) + C,, whichisa
solution to the differential equation, as we showed in
part (a). For x> 0, wehavey = Inx + C,, whichisa
solution to the differential equation, as we showed

=1
part (b). Thus, ® x for all x except 0.

m Section 6.2 Integration by Substitution
(pp. 315-323)

Exploration 1 Supporting Indefinite Integrals
Graphically

1 f\/1+x2-2xdx=f\/adu

Section 6.2 241

3y, =Yy, + % By Corollary 3 to the Mean Vaue Theorem of
Section 4.2, y, and y, must differ by a constant. We find

that constant by evaluating the two functions at x = 0.

Lg EFfels R Ed e P ]

H=d = GEEGGET
[=3, 3 by [-2, 8]

=
%ﬂfn

[—10, 10] by [—30, 30]

5. The derivative with respect to x of each function graphed in
part (4) isequal to V1 + x2.

Exploration 2 Two Routes to the Integral

1 2 2
1.f 3x2Vx3+1dx=f\/adu:%u3’2] _4V2
. b,

o 3
2. foZ\/m dx = j\/G du = §u3’2 = g(x3 +1)*? 0
1 1
f VX3 + 1dx = %(x3 + 1)3’2] = —4\3/5.
-1
-1
Quick Review 6.2

2 2
1 [ X dx = %xﬂ ~1°-Lop-2
0 o

N

5 5 5
.f\/x—ldx:f(x—l)”zdx:g(x—l)yz}
1 1 1
2

@2 - 20

3
— 2 =16
=3®=3
dy _
S'dx 3
dy _
4'dx 3
dy _ 403 o2 32 _
5. v 4(x> — 2x° + 3)°(3x“ — 4x)
dy _ o
6. &—ZSm(4x—5)cos(4x—5)-4

= 8sdin (4x — 5) cos (4x — 5)

7.ﬂ:i.—sin)(:—tanx
dx  cosx
8.ﬂ=_i-cosx=cotx
dx sinx



242 Section 6.2

10.

@_ 1
dx  secx+ tanx
_ secxtanx + sec? x
B Sec X + tan X
sec x(tan x + sec X)
SEC X + tan X

- (sec x tan X + sec? X)

= Sec X

Yo 1 cscxcotx—cs?x)
dx  cscx+ cot x
_ CSCX 0Ot X + €562 X
csc X + cot X
_Csc x(cot X + ¢sC X)

CSC X + cot X

—CSC X

Section 6.2 Exercises

1

u=3x
du = 3 dx
1du=dx
3
fsinSxdx=ljsinudu
3
= —lcosu+ C
3
= —%cosSx+ C

1

Ldr 1 N Y —g
Check: dx( 3 cos 3X + C) 3( sin 3x)(3) = sin 3x

u=2x
du = 4x dx
xdx = < du
4
2 1
fxcos(Zx)dx=chosudu
=lgnu+c
4
=%sin(2x2)+c

L dylg 2 _1 2 _ 2
Check: dX<4sm (2x%) + C) 4(:os (2x%)(4x) = x cos (2x°)

u=2x
du = 2 dx
1du:dx
2
fsechtaandx=%fsecutanudu
=lscu+c
2
:%Stac2x+C

Check: i(lsec2x+ c) = Leec 2xtan 2x - 2 = sec 2xtan
dx\2 2

2X

.u=1-cos—-

4. u=7x—2
du = 7dx
L gu = dx
=

J28(7x— 2)3dx=%f28u3du= WiC=(Tx—-2%+C

Check: %[(n( — 2)* + C] = 4(7x — 2)%(7) = 28(7x — 2)°

X
.u:_

3
du:%dx
3du = dx

x2 +9 jQu +9

3f
u?+1

du
241

tan lu+C

tan‘l(g) +C

Check:

Wik Wik Wik Wk

Q_|Q_
—

tan 1% 4 C) =
3

u=1-r8

du= —3r2dr

1 2
—=du=r-dr
3

J’9r2dr _ ( )Jdu

= 3J'u’1’2 du

-32u¥2 + C
=-6V1i-r®+cC

Check: %(—ew “1B+0) =

t
2

du = —sm dt
2
2du= sn—dt
2

f(l - cos%)zsin%dtz quz du
2 3

=-u>+C
3
= g<l — cos
3
3
Check: iF(l — CoS 1) + C]
dx| 3 2

- 2[1- cos %ﬂsin 93
= (1 — cos%)2 sjn%

3
1>+C
2



B.u=y*+4y°+1

du = (d4y* + 8y) dy

du = 4(y* + 2y) dy

%du = (y2 + 2y) dy

a0y + ay? + 072 + 29y = 3] [u au
-28+cC
3
= %(y4 +4y2+13°%+C
L df2,4 2 3
Check: OIX[3(y a2 1) c}
= 2y* + 4y* + 1)%(4y° + 8y)

= 8(y" + 4y + DAy* + 2y)

9. Letu=1-x

du = —dx

f(1 ixx)z - _f%
=ul+cC

-1 4c
1-x

10. Letu=x+ 2
du = dx
Jsec? (x+ 2) dx = [sec?u
=tanu+C

=tan(x+2)+C

11. Letu = tan X

du = sec? x dx

f\/ﬁseczxdx=fu”2du

282+ ¢

(tan )32 + C

w N W]

12. Letu=6+ =
2
du = dé
fsec(@+%)tan(0+%)d0:fsecutanudu
=secu+C

:sec(0+%>+c

13. Letu=Inx

du=%dx
 dx
e XInx

In6 In6
:fn@:m\uq ~In(In6)
1 u 1

Section 6.2

14. Letu = tanx
du = sec? x dx

Fmtanzxseczxdx:flluzdu

—l4 -
1 1

= L3
-1

T
=50 - 3C°

w

Il
W
+
Wk
Il
wIN

15. Letu=3z+ 4

du=3dz
Lou=z
3
fcos(3z+ 4)dz = %fcosudu
=isinu+ C
3
=%sin(32+ H+C

16. Let u = cot x

du = —csc? x dx
fVcotxcsczxdxz —fu”zdu
- _2p2,c
3
= et 4 C
17. Letu=Inx
du:ldx
6 X
j'n—xdx=fu6du
X
=l+c
7
:%N@+c

18. Letu=tan§
du = Lsec?X dx
2772
ftm75%025dx= 2fu7du
2 2
2. 484 c
8

Lt X 4 C
4 2

243



244  Section 6.2

19.

20.

21.

22.

Letu=s"-38
du= 35" ds
%du=s”3ds
fs”3cos(s4’3— 8) ds:%fcosudu
:§sinu+C
4
=25 - g +c
%zjcscz&dx
sin® 3x
Letu = 3x
du = 3 dx
L gu = dx
3
fcsc"-Sde:%fcsczudu
- Lletu+c
3
= —% cot (3x) + C
Letu=cos(2t+ 1)

du = —sin (2t + 1)(2) dt

—%du —sn(2t+ 1) dt
sn@+1) . 1f o

f cos® (2t + 1) dt 2J utd

Li1ic

2

-1
2cos(2t + 1)

= %sec @2t+1)+C

Letu=2+sint
du = cost dt
6 cost -2
——_dt=6 d
@+ snt)? ju !
=-6ul+cC
6

" 2+snt

3ml4 3ml4
23.[ cotxdx=j COSX g

4 w4 SN X
Letu=sinx
du = cos x dx
3ml4 X=3m/4
f @dxzf 1
w4 SINX x = w4 U
X = 3ml4
=In|ul
X = ml4
3ml4
=In\sinxq
w4
V2 V2
=In‘—2 —In—2 =0
2 2
24. Letu=x+2
du = dx
7 9
S
o X+ 2 2U 4

=Inu}
2
=1ln9—1In2= 1504

25 Letu=x?>+1
du = 2x dx

xdx:ldu
2

F xdx 1 lOld
= =du
—xc+1 2)2 u
10
:lln\uq
2 2

=in10-1n2) =1tins~0805
2 2



40
® 40dx _f .
: 2 = 2 2 OX
e °(5>+<§)
5 25
40 1 dx
25
(5) +1
Letu=2
5
du:ldx
5
5du = dx
5
40 dx
=~ du
o x? + 25 ()ou +1
1
=8arctanu]
0
= 8(arctan 1)
=8(E>=2n
4
J’ fsm:%x
cot 3x cos 3x

28.

29.

Let u = cos 3x
du = —3sin 3xdx
—%du:sin3xdx
J dx = —lj-ldu
cot 3x 3Ju

~Linjd+c
3

—% Inlcos3x + C

(An equivalent expression is% In|sec 3x| + C.)

Letu=5x+8
du = 5dx
1du:dx
5
J dx _lf —12
==|u du
V5x + 8 i
:g'zullz"l‘c
-2VEcrs e
J’ _ SEC X + tan X
sec x dx = %CX.(—secx+tanx>
sec? X + sec x tan X
Sec X + tan x

Letu = secx + tan x

du = sec x tan x + sec? x dx

Jsecxdx=f%du=In\u\+C=In\secx+tanx\+C

30.

3L

32.

33.

Section 6.2

Jcscxdx=fcsc M)

Csc X + cot X

€sc? X + CSC X cot X
CSC X + cot X

Let u = cscx + cot x

du = —csc x cot X — csc? x dx

—f%du

—Inju +C

fcscxdx

= —Infcscx + cot x| + C
Letu=y+1
du = dy

J:\/er ldy= fu”z du

4
= Euw}
3 1

3/ 3/
= 2@ - 2w

wlnN

14
®-2=2

wIlN

Letu=1-r?

du= —2rdr

Lau=rar
2

1
Jr\/l—rzdr
0

1 ° 12

ZLU du
1, Eu'o”Zf
2 3 1
1 1 1

—— + = = =
30 +5(0) =3

Letu=tanx

du = sec? x dx

0] 0
f tanxseczxdx:j udu
—l4

0
= EUZ]
2 -1

Lo - L_
=20 - -2

-1
2
.Letu=4+r2
du=2rdr
1du:rdr
2

1 g 5% 5
f717(4+r2)2dr—5f5u du=0

245
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3. Letu=1+6% 39.%=(y+5)(x+2)
dy _
duzgouz do m—(x-l‘ 2)dx
2 e Integrate both sides.
=du=6-"°do &
( S e 2
L 10Ve 2, (2 o
Lmde _5(10)L” du On the left,
= —%u‘lf ltu=y+5
1
:_§(1_1> du =dy
>z fldu=1x2+2x+c
_ 20/ 1\ _ 10 u %
B ?( §>_? In|u :EXZ+2X+C

, Inly+5 =12+ 2+ C
36. Letu=4+ 3sinx 2
\y + 5‘ _ e(]J2)x2+2x+C

du = 3 cos x dx
\y + 5‘ _ eCe(1/2)x2+2x
% du = cos x dx

T 4
f &dx:lju‘mdu:o o ,
-7 V4 + 3snx 34 (y + 5) is positive or negative. Then

We now let C' = €“ or C’ = —e®, depending on whether

y+5= C’e(V2x2+2x
37. Letu=t>+ 2t )
y = C/e(]./Z)X +2X _ 5

_ (5td
= + . .
du = (57 +2) dt Since C’ represents an arbitrary constant (note that even the

1 3
L V2 + 2t (5t + 2) dt = Luyz du value C' = 0 gives a solution to the original differential
— §u3/2]3 equation), we may write the solution as
3
) 0 y= Ce(l/z)x2+2x _ 5
= 23%
3
dy _
:gﬁzz\@ 40.&—x\/3_/cosz\/3—/
dy
— Y =xdx
Vy cog? Vy
38. Letu=cos2f Integrate both sides.
du= —2sin20 do dy
— = [xdx
1 ) jW co? Vy j
—5 du=sin26d9 Ontheleft, let u = \y
fﬂecos‘3 20sin 26 df = —lﬁjzu“? du du =Ly v2 4
o 2J)1 " u = Ey y
1 1\ -2 _
=—=.(—=u — 12
> (2 2) ]1 2du=y ““dy
1//1 du 1.2
=22 "1 =1
4(<2> ) 2 o2y 2 +C
~1lg=23 2fse?udu= 1+ C
4 4 2

2tanu = %XZ +C

2tan Vy = %xz +C

tan Vy = %xz +C

(Note: technically, Cisnow C' = % But C's are generic.)
Vy = tan—l(xg +c)

e[t el



41.

42.

43.

% = (cos x)e¥TSinx

dy = (cos x)(e” M%)

dy = cosx 8" X dx

Integrate both sides.

f%: cos x e X dx

Ontheright, letu = sin x

du = cos x dx

-e V= fe” du

—e¥V=e"+C

—e Y=gy C

eY=—e"*4C

(Note: technically Cisnow C' = —C.)
=1In(C - e’

y=—In(C—e"")

dy _ ox-y

dx

X _ ey

p e'e

%= e dx

e

Integrate both sides.
dy _

jﬁ_ fexdx

feydy: fe"dx

e&=e+C

y=In(e*+ C)

—ﬂ = 2x dx
- dy = j2x dx

y’1=x +C
1
X2+ C

'*<

y:

Section 6.2 247

ag & _ AVyinx
dx X

dy _ Inxd
X

Vy
Integrate both sides.

__4flnx

On the right, letu = Inx
du = 1dx
X

2y1’2:4fu du

2yV2 = 4(2 ) +cC

2y"2=2(Inx)? + C

y/2=(nx?+C

y = [(InX)? + C]?

ye =[(ne?+Cl?’=1
1+02=1

C=0

y=(nx?*

Note: Absolute value signs are not needed because the
origina problem involved In x, so we know that x > 0.

45. () Letu=x+1

du = dx
f\/x+ 1dx=fu”2du
=232 ¢
3
=§( x+1)¥2+C

N

Alternatively, (

(x+ 1% + C) Vx+ 1.

(b) By Part 1 of the Fundamental Theorem of Calculus,

d
Y Vx+ Land % =
antiderivatives of Vx + 1.

VX + 1, so both are

(c) Using NINT to find the values of y, and y,, we have:

X 0 1 2 3 | 4
A 0 | 1219 | 2.797 |4.667|6.787
Y, |—4667|—-3448|-1869| 0 |2120
Y, —Y,| 4667 | 4667 | 4.667 |4.667|4.667

(dC=y, -V,
:vamdx-j:\/mdx
:j:vmdwfvmdx
:jj\/mdx
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46. (a) %[F(x) + C] should equal f ().

(b) The slope field should help you visualize the solution
curvey = F(x).

(©) Thegraphsof y, = F(x) andy, = [ f() ct should
(0]

differ only by avertical shift C.

(d) A tableof valuesfory, —

Y, should show that

Yy, — ¥, = Cfor any value of xin the appropriate

domain.

(e) The graph of f should be the same as the graph of

NDER of F().

(f) First, we need to find F(x). Let u = x* + 1, du = 2x dx.

_[L,-w2
dx = du
j\/x +1 j
— g2
=Vx2+1+C
Therefore, we may let F(x) = Vx? + 1.
d > 1
a —(Vx*+1+C) =—"F"o—()
dx VX2 +1
= ———=1K
X+ 1
b) E\WQ;;::;;ﬁﬁ,J
N T R
ey o e g =
e e
e e
R el
B
L
B
[—4,4 by[-3 3
©) \/
[—4,4 by[—3 3
9 X 0 1 2 3 4
A 1.000 | 1414 | 2.236 |3.162|4.123
Y, 0.000 | 0414 | 1236 | 2162|3123
Vi~ Yp| 1 1 1 1] 1
€)

[-4,4 by [-33]

47. Letu=x*+ 9, du = 4x3 dx.
1 10 10
SR (e S/ SR 173
a =| =u du==-u
@ |, I 2,
= V10~ 2Vo
= %Vm - % ~ 0.081

x3 dx

x*+9

3
1 -
(b) fﬁdx :fzu 2 g
=12 ¢
2
:EVx4+9+C
1
f dX—fVX + ]
x*+9
=;Vi0- Ve
:%V1o—3

==~ 0.081
2

48. Letu= 1 — cos3x, du = 3 sin 3x dx.

(a) f (1 — cos 3x) sin 3x dx = L udu= %UZL
1o _lg2_1
=@ -2 =5

(b) f(l—cos3x)sin3xdx :f%udu
=le+c
6

= %(1 — cos3x)2+ C

/3 1 I3
f (1 — cos 3x) sin 3x dx = =(1 — cos 3x)2}

ml6 6 /6

1,72 1,2 1

=222 - 212 =2

@~ =3

49. We show that f'(x) = tan x and f(3) = 5, where

‘cos 3’ +5
oS X

f(x) =1In
, _d cos 3
o) = d ( COS X

+5>

=-4d _
= dx(ln\coss\ In|cos X + 5)

—i In |cos X|

= ——( sin x) = tan x

COS X
cos 3

f@=In2>]+5=(n1)+5=5



50. (@) u=cot26,du= —2csc?26 df

Jc9022900t29d0:—%fudu
2
=1, v.c
2 2
2
=-Yic
4
__1 2
——Zcot 20+ C
1
Fi0) == cot? 26

(b) u=csc 20, du= —2 csc 26 cot 26 do

jcsc2 26 cot 26 du = —%ju du

.uz

+
(@]

‘CNI\)\I—‘
N

+
(@]

Al

csc? 20 + C

Fy(6) = — o 20

(c) F'(®) = (—% cot 20)(—2 csc? 26) = csc? 26 cot 260

F,'(6) = (—% csc 29)(—2 csc 26 cot 26)

= csc? 20 cot 260

(d) F(6) = F(0) + b

~Leoot22g = -Lcs?29 + b
4 4

b= %(cszt:2 26 — cot? 26)
_ 1/1-cos?20\ _ 1/sin?20\ _ 1
4( sin® 20 ) (sin2 29) 4

4

51. (@) u=sinx, du= cosxdx

fZSinxcosxdx:qudu:u2+C=sin2x+C

(b) u=cosx, du= —sinxdx
fZSinxcosxdx: f(—2u) du

=-u’+C

—cos?x + C

Section 6.3 249

(€) u=2x du=2dx
f25inxcosxdx=fsin2xdx

:flsjnudu
2

—%cosu+ C

*%COSZX‘F C

(d) %(sinzx+ C) = 2sin X cos x

%(—coszx + C) = (-2 cosX)(—sin X) = 2 sin X cos X

%(f% cos 2% + c) - (% sin 2x>(2)
= sin 2x
= 28N XCos X

m Section 6.3 Integration by Parts
(pp. 323-329)

Exploration 1 Evaluating and Checking
Integrals

lL.u=Inx0O du:%anddv:de v = X. Thus,

flnxdx=fudv
=uvffvdu
=x|nx—jdx

=xlnx—x+C
d 1
2. —XInx—=X)=Inx+x=|—1=1In
dx(x X — X) X X(x) X

3. The dopefield of % = In x shows the direction of the

curve asit is graphed from left to right across the window.
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4. Thegraph of y, = xIn x — x appears to be a vertical shift

of the graph of y, = f Int dt (down 1 unit). Thus, y,
1

appears to be an antiderivative of In x which

supports X In x — x + C asthe set of all antiderivatives of

Inx.

e
e

[0, 6] by [-2, 5]

Quick Review 6.3
1 % = (3)(cos 20(2) + (sin 2X)(3x?)

= 2x3 cos 2x + 3x2 sin 2x

2.%:@( & ) +In 3+ 1)(26%)

2X3x+1
=3 | 2eXIn(3x+1)
AX+1
dy 1
3. = -2
dx 1+ (242
_ 2
1+ 4x?
dy _ 1

& VI

5. y = tan~13x

tany = 3x
1
= —f,

X 3any

6. y=cos ! (x+ 1)
cosy=x+1
x=cosy—1

1

1
7. f sin mx dx = _— COSWX}
0 K o

—3005w+icoso
o m

_ ligpeio2
m o m
dy _ e
8. v e
dy = e® dx
Integrate both sides.
fdy = fezx dx
=1 ¢

2

9.

10.

1

% =X+ sinXx

dy = (x + sin x)dx
Integrate both sides.
fdy= f(x+ sin x) dx
y:%xz— cosx + C

y(0) = -1+C=2

C=3
_1.2
y—Ex —Ccosx+ 3
d/1 g .
—{=eX(sinx — cos X
dx<2 ( ))
=% ¥(cosx + sinx) + (sinx — cosx)%eX
= LeX cosx + Le¥sinx + Le¥sinx — SeX cos x
2 2 2 2
= e*dnx

Section 6.3 Exercises

Let u=x dv = sin x dx
du = dx V = —C0S X
fxsinxdx= —xcosx+fcosxdx
= —XCcosX +snx+C
Check: %(—xcosx+sinx+ C)
= (—x)(—=sinx) + (cosx)(—1) + cosx

= Xsinx

. Let u=x2 dv = cos x dx

du= 2x dx V= s8inx
fxzcosxdx:xzsinx— 2fxsinxdx
Using the result from Exercise 1,
=x?sinx — 2[—xcosx + sinx] + C
=2xcosX + (x2 — 2)snx + C
Check: %[2x cosx + (2 — 2)sinx + CJ
= (29)(—sinX) + (2 cos X)(1) + (x* — 2)(cos x)

+ (sin X)(2x)

= X~ COS X



3. Letu=1Iny dv =ydy
-1 —1p2
du ydy \Y Zy
1 1 1
fylnydy:fyZIny—ffz-fdy
_ 1.0 _1
—Ey Iny fydy
:%y Iny— y +C
cAfl2ny 1
Check: dy[zy Iny - 2%+ c}
= (12)(1 _1
(372)5) + tnyo)
=ylny
.Let u=tanly dv = dy
du:1+y2dy v=y
ftan ydy=ytanly— J1+y
Letw=1+y
dw= 2y dy
—ytanly-1[1
ytan"ly — f1+ sdy=ytan" "y 2J'de

=ytan*1yf%In|w\+C
=ytan’1y—%ln(l+y2)+c
. d -1, _1 2
Check.dy[ytan y 2In(1+y)+C}

- _ Y + -1, _ 1
1+y? tan "y 2(1+y >(2y) ty
5. Letu = X dv = sec? x dx
du = dx Vv = tan x

fxseczxdx=xtanxf ftanxdx
= xtanx — fs'nx

=xtanx + InjcosX + C

[—15, 15 by [—1, 4]
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6. Letu =sin"t9 dv=do

du = 1 v =20
V1- 62 )
1 —pan-1
jsm 0do=6sn ~0— |6 de
V1 - 9?
Letw=1— 62
dw = —20do
10—[9 d0—03n49+]j——
=6sn” l19+w1’2+C
=0snto+Vi-6°+C
oI zzzz
e - T T
B St
ek R
[-1, 1] by [-05, 2]
. Let u=t? dv=sintdt
du= 2tdt V= —cost

ftzsintdt = —t2cost + zf(cost)(t) dt
Letu=t dv = cost dt

du=dt v=agnt

—t2cost + th cost dt
= —t2cost + 2tsint — 2fsintdt
= —t2cost + 2tsint + 2cost + C

=(@2-t)cost+ 2tsint+C

TTTTiTl

]

'RE AR ERER

e

/
“
5
p
“
0

by [0,
dv = csc? t dt
v=—cott

chs?tdt==—tcmt4—fantm

:=—tcmt—kf9§£dt

—tcott+ In|sint + C

ks
¢
s
h

————
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9. Letu=Inx dv = x3 dx 12. Use tabular integration with f (x) = x% and g(x) = e~ 2.
=1 =14
du =5 o VX 109 and its o) andits
derivatives integrals
3 _ 1
fx Inxdx= —x Inx — f ( ) o o2

*)
|n X—= 1fx dX \ 1
3x2 @) —= g
x*Inx — 1 x*+ C \
16 6X —2X

X

-blb—l-bl

10. Use tabular integration with f(X) = x* and g(X) = e~

f(x) and its g(x) and its 16
derivatives integrals

xt &‘ i f X3€7 > dx
453 e = L3 2 3y2emx _ Byemx ge*ZX +C

13. Letu=¢" dv=sinydy
X
24 ® € du=¢¥dy V= —cosy
0 - feysinydy= —eycosy+fcosye‘/dy
fx“e’x dx Let u=¢v dv = cosy dy
= —x% X — 4% X — 12x%e X — 24xe X — 24e ¥+ C du = e’ dy v=sny
—(x* + 43 + 12x% + 24x + 24)e ¥+ C feysinydy: oosy+ eysiny—fsinyeydy
2 _
11 Let u=Xx"—5x dv = e dx Zfeysinydyz —ecosy + &'siny
du=(2x-9adx v=e feysinydy=%ey(sinyfcosy)+c
[0 — sexax = (¢ - 5xe* — [e¥(2x - 5) ok
14. Let u=¢e"Y dv = cosy dy
Let u=2x—-5 dv=e"dx du=—eYdy v=siny
du = 2 dx v=e fe*ycosydy=e*ysiny+fsinye*ydy
Let u=e"Y dv=sinydy

02— 5e* — [eX(2x — 5) ok

- eV - _
= (x? — 5x)e* — (2x — 5)e* + fZex dx du=-e>dy v=-—cosy

= (@ — 5X)e* — (2X — B)e* + 26" + C Je‘ycosydy= e Ysiny — e Yoosy — fe‘y cosy dy

-y —eVgny— eV
— (62— X+ T)E+ C 2fe cosydy=eYsny— e Ycosy

fe Ycosydy = —e Y(siny — cosy) + C



15. Use tabular integration with f (x) = x? and g(x) = sin 2x.

f(x) and its g(x) and its
derivatives integrals
2 .
X *) sin 2x

/

1
2x — = C0S 2xX
& 1
1.
2~\\\£2\\\*“an2x
0 L COS 2X
8

fxzsinZde: —%X20032x+%xsin2x+%0032x+ C

1— 2¢2
= (=
1- 2x?

)cost+%sin2x+C

72
0

1—232
= (2)>(1) +0-2(1) ~ 0

2

f xsm2xdx—[ )cost+§sin2x}
(0]

4

.

- 1 o7
8 2

Check: NINT<x2 sin 2x, x, 0, g) ~ 0.734

16. Use tabular integration with f(x) = x3 and g(X) = cos 2x.

f(x) and its g(x) and its
derivatives integrals
x3 &A C0S 2X
1.
2 =
3x K 2 sin 2x
6x _1 COS 2X
& 4
1.
6 K\ —g sin 2x
0 1_16 C0S 2X

3

fx3 cos 2x dx = %xssinZX + %xz COS 2X — szin 2X — %COSZX

X3

= (— 3X)sm 2X + <3X )cost +C
2 4 4 8

0

-0+ (2 -3n-0-(-2o

_3.3_ _jim
4 16

Check: N|NT(x3cos 2%, x, 0, %) ~-1101

/2 3
f x3cos 2x dx = (X— 3X)sm 2X + <3X 3)cos ox|™2
2 4 4 8
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17. Let u=eX dv = cos 3x dx

du = 2e® dx v ==sn3x

Wk

[ cos 3xdx = (eZX)(% sin 3x) - (% sin 3x>(2e2x ox)
= 1M gnax— gfezxsinSxdx
3 3
Let u=e* dv = sin 3x dx
du = 2 dx v= —% cos 3x
fezx cos3x dx = ~e® sin 3x — g[(ez")<—1 cos 3x) - f (—1 cos 3x)(2e2x dx)]
3 3 3 3
= %ezx(:% sin 3x + 2c0s 3x) — g f e cos 3x dx
% f e® cos3x dx = %ezx(3 sin 3x + 2 cos 3x)
fezx cos 3x dx = 1—13e2"(3 sin 3x + 2 cos 3x)

3
f e cos 3x dx = [iezx(B sin 3x + 2 cos 3x)}3
) 13 -2

= l—l?’[eﬁ(s Sin9 + 2cos9) — e 43 (—6) + 2 cos (—6)]
= 1—13[e6(2 cos9 + 3sin9) — e %2 cos6 — 3 sin 6)]
~ —18.186

Check: NINT(eZX cos 3x, X, —2, 3) = —18.186

18. Let u=e X dv = sin 2x dx

du=—2e%dx v= —% oS 2X

fe‘z"sin 2x dx = (e‘”)(—%cos 2x> - f(—%cos 2x)(—2e‘2x dx)
= —%e’zxcos 2 — f e %cos 2x dx
Let u=e X dv = cos 2x dx
du= -2 v= %sjn 2x
fefzxsjn 2x dx = f%efzxcos 2% — [(efzx)(%sin 2x> - f (%sin 2x)(72e*2" dx)}
= —%e’zx(COSZX +sin2x) — fefz"sin 2x dx
2fe‘2x sin 2x dx = —%E_ZX(COSZX +sn2x)+C

—2X
Je_Z" sin 2xdx = —eT(cos 2x+sn2x) + C

2 oy e*ZX . 2
f e “sin2xdx= [—7(0052x+sm2x)}_3

e’4 . e6 .
= —T(cos4 +sin4) + Z[cos(—6) + sin (—6)]

et . e !
—7(0054 +sin4) + Z(cos6 — sin6)

U

125.028

Check: NINT(e™%sin 2x, x, —3, 2) ~ 125.028



19. y sz 4X
Let u=x? dv = e™dx
du = 2x dx V= %e“x

y= (xz)(ie‘*X) - (le“X)(zx dx)

124x J'

Let u=x dv = e dx
du = dx v=%e4x

o= e o) [

y= %xze“x %xe“x + 312 e*+C

y=<szf§+3—12)e4x+c

20.y:fx2Inxdx

Let u=Inx dv = x2 dx

du=%dx v=%x3

ool [

y*fx3lnx— 1fx dx

y—fx Inx—=x3+ C

21. y=fesec’19d9

Let u=sec 19 dv =6 do
1 1,2
du=——=———du v==0
oVe2 -1 2

Note that we are told # > 1, so no absolute value is needed

in the expression for du.

- of ) e

_ -1 1( 26| de
y=-—-sCc ~0—
= 0l
Letw=06%2—1,dw=20dg
9 sec! Y 7
y= 2 0 4jw dw
y= '9239c‘19 lW]J2+C
y= 92 *197%V9271+C

22. y:fesecetanede
Let u=26
du=do

y=esece—jwced0

dv=sechtan 6 do
V=25ecl

y=6sech —Injsecd + tan 6| + C
Note: In the last step, we used the result of Exercise 29 in
Section 6.2.

Section 6.3
23. Let u=x dv = sinx dx
du = dx V= —COSX

24.

fxsjnxdx: —XCOSX + fcosxdx

—XCosxX + sinx+ C

(a) f \xsinx\dx=f X sin x dx
(0] 6]
:[—xcosx+sinx]g
= —m(~1) + 0+ 0(1) —

=T

\xsmx\dx— —f X §in x dx

(b)

Il q\'

X COSX — Sin X}Zﬂ-

=27(1)) - 0—=m(—-1) +0

= 37

2 T 2
(© f \xsinx\dx=f|xsjnx|dx+j Ix sin x| dx
(0] ] T

=a+ 37 =47

We begin by evaluating f(x2 + X + 1)e X dx.
Let u=x2+x+1 dv = e ¥ dx

v=—e X

du=(2x + 1) dx
f(x2 + X + 1)e ¥ dx

= —(®+x+ e X+ f(2x + e X dx
Let u=2x+1 dv = e X dx
du = 2 dx v=—¢e
J(xz + X + 1)e X dx
= —(@+ X+ De ¥ — (2x + De X+ [267%
26X+ C

=0+ x+ e X—(2x+ e *—

=—(+3xX+4e*+C

\

Inkerseckion
n=1.0505204 IV=1.10317z8

[-3,3by[-33]

The graph shows that the two curves intersect at x = k,

where k = 1.050. The areawe seek is

K k
f(x2+x+ 1)e’x—fx2dx
(6] (0]
= [—(x2 + 3x + 4)(3”‘}k - [lxg']k
0 3 |0

~ (—2.888 + 4) — (0.386 — 0)

~ 0.726
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25. First, we evaluate fe‘t cost dt.

Let u=e" dv = cost dt
du=—etdt v=sint

Je“ costdt=elsint + fsinte‘t dt

Letu=¢e" dv=sintdt

du=—etdt v = —cost

Je‘tcost dt=e'sint — e 'cost — f e 'cost dt

2fe*‘cost dt = e Y(sint — cost) + C

je"cost dt = %e"(sint —cost) + C

Now we find the average value of y = 2e”'costt for

0=t=2m

2
Average value = - f 2e 'cost dt
2o

1 2
==| e lcostdt
7’0

= Lesint - cos t)]zw
2 0

= e #(-1) — (-]
—1-e” 0159
2w
26. (a) Let u=x dv = e*dx
du = dx v=¢
jxexdx=xexffexdx
=xef-e+C
=(xx—1e+C

(b) Using the result from part (a):
Let u=x? dv = e dx

du = 2x dx v=e¢X
szexdx =x2exff2xe?‘dx
=x% - 2(x — 1)+ C

=(x2—-2x+2e+C

(c) Using the result from part (b):
Let u=x° dv = e dx
du = 3x? dx v=¢
fxsexdx =x3e - f3x2exdx
=x3%* - 30 — 2x + 2 + C
=x3-3*+6x— 6" +C
(d) [x" —dyny d—zzxn — et (—1)”d—r:]x”}e?‘ +C
dx dx X
or [X" — X" + n(n — 1)x"2 —
o+ ()" YN - DI+ (—)"(nh)]eX + C
(e) Use mathematical induction or argue based on tabular
integration.
Alternately, show that the derivative of the answer to
part (d) isx"e*:
%[(x” — X"+ n(n — Yx"2 -
e 4 (~D)M Hnx + (—1)"n!>ex + c]
=[x"— "1+ n(h— )x"2 -
o ()" Hnhx + (—1)"nljet +
e?‘%[xn —nx" 1+ n(n— 1x"? -
< (=)™ Ynhx + (1))
=[X"—nx""1+ n(n — Hx"2 -
c+ ()" Ynhx + (—1) e
+ X"t = n(n — 1)x"2
+n(n— 1)(n — 2x"3 -
-+ (=) e
— XX
27. Letw = Vx. Then dw = -2 s0 dx = 2V/x dw = 2w dw.
Jsin Vxdx = f(sinw)(Zvidv)\(/) = 2fwsinwdw
Let u=w dv = sinw dw
du=dw v= —cosw
fwsinwdvv: —wcosw + fcoswdw
= —wcosw + sinw + C
fsin\/;<dx= was'nwdw
= —2wcosw + 2snw + C

= —2Vxcos Vx + 2snVx + C



28. Letw = V/3x + 9. Thendw = ——~—(3) dx, 50
2V3x+ 9

dx = 2V/3+ 9 dw = Zwaw.
fe\/3x—+9 dx = f(e‘”)(%w dW) = %fw e dw
Leeu=w dv=¢"dw
du=dw v=2¢&"
fwe""dw :Wew—fewdw
=we'—¢e¥
= (w—1)e"
femdx=§fwe""dw
(w— 1)e"

(V3x+9—1)eV¥9+C

wINwWIN

29. Let w = x2. Then dw = 2x dx.

fx7e"2 dx = f 0% x dx = % f we " dw.

Use tabular integration with f (x) = w® and g(w) = e".

f(w) and its g(w) and its
derivatives integrals

w?

fw3e""dw=w3ew—3w2e""+ ewe’ —6e" + C
=W —3w?+6w— 6"+ C
7.x2 _1 3 AW
Jxe dx —EJW e dw
= 20— 3P + Bw — B)e + C

_ -3+ X — 6)e 4
2

C

30. Lety=Inr.Thendy=%dr,andsodr=rdy=eydy.

Using the result of Exercise 13, we have:
Jsnann dr = [@inye dy

= %ey(siny —cosy) + C

= %e'”’[sin (Int) — cos(Inn)] + C

= %[sin (Inr) —cos(Inr)] +C

Section 6.3

31 Let u=x" dv = cos x dx

du=nx""dx  v=sinx
fx“ cosx dx = x" sinx — f(sjn X)(Nx"~dx)

=x"sinx — njx”flsinxdx

32. Let u=x" dv = sin x dx

du=nx""tdx v=—cosx
Jxnsinx dx= (x)(—cosx) — [(—cos (X" do

n—1

=—x”cosx+nfx cos x dx
33. Let u=x" dv = e dx
du = nx""1 dx v=§e"’lx
NadX gy — oMf Loax) _ [ 1 ax n—1
Jxre ax = (x )(ge) f(ae )(nx dx)
Nnaqax
= X€ —Dfx"’leaxdx,asﬁo
a a
34. Let u=(Inx)" dv = dx
n—-1
du=7n(ln:) dx v=x

Janxmdx = (inx0 - [ x[M] dx

X
= x(In%)" = n[(Inx)" L dx

35. (a) Lety = f"1(x). Thenx = f(y), so dx = f'(y) dy.
Hence, [f100 dx = [WIF'(y) dy] = [y '(y) dy

(b) Let u=y dv = f'(y)dy
v=1()
[yteray=yim - 1) ay

— 17109 — [f(y) oy
Hence, ff’l(x) dx = fyf’(y) dy

= xt79 = 1) o.

du = dy

36. Let u=f"1(x) dv = dx
du = (% f’l(x))dx V=X
[0 ax = xt 729 — fx(% f’l(x)> dx

37. (@) Usingy =f 1(x) = sin"txand f(y) = siny,
T <y=<Z wehave
2 2
jsinflxdx:xsinflx—jsinydy
=xsin"tx+cosy+C

=xsin"x+ cos(sin"!x) + C
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37. continued

-1 Cyvanly— [Wf 9 G-t
(b)jsm xdx=xsin"*x jx(dxsn x)dx

1

=Xsn “Xx— |x dx

1-x°
u=1-x%du=—2xdx
:xsin‘lx+1fu‘1/2du
2
=xsnix+u’2+C
=xsnix+V1i-x*+C
(©) cos(sin"tx) =V1-x?
38. (8) Usingy = f 1(x) = tan" 1 x and f(y) = tany,
T <y<Z wehave
2 2
jtanflxdx=xtan*1x—ftanydy
=xtan 'x—Inlsecy + C
(Section 6.2, Example 7)

=xtan"tx+Inlcosyl + C

=xtan "t x+ Incos(tan 1 x)| dx + C

(b) ftan‘lxdx=xtan‘1x—jx(%tan‘%) dx
_ -1, _ 1
=Xxtan "X fx(lﬂ(z)dx
u=1+x? du= 2xdx
=xtan*1xflju*1du
2
=xtan*1x—%ln\u\+c

=xtan*1x—%ln(1+x2) +C

1
V1+x2

39. (@) Usingy =f (x) = cos *x and

(©) In]cos (tant x)| = In‘

1 2
= - +
2In(1 X?)

f(y) = cosx, 0 = x < 7, we have:

jcosflxdx= X cos L x — fcosydy

1

=Xxcos “x—sny+C

1

=xcos tx—sin(costx) + C

—1 _ 1y _ [y d a1
(b) jcos X dx = X cos ~ X fx(dxcos x)dx

=xcos tx— x(— £ )dx
M=

u=1-x%du= —2xdx

=xcos Ix— %fu‘”z du
=xcos ix—u’2+C

=xcos Ix—V1i-x2+C

(©) sin(cos™tx) = V1-x°

40. () Usingy = f~*(x) = log, x and f(y) = 2, we have
jlogzxdx=xlogzxff2ydy
2y
= xlog, X — nz +C

= xlog, X — ﬁz“’gzx

(b) [10g, x dx = xlog, x - fx(% log, x) dx

_ 1
_xlogzx—fx<xln2) dx

dx
=xlo x—j—
% In2

1

=x|og2x—<m>x+c

(c) 2199, =x

m Section 6.4 Exponential Growth and
Decay (pp. 330-341)

Exploration 1 Slowing Down More Slowly
1. Asmincreases the velocity of the object represented by the
graph slows down more slowly. That is, the y-coordinates
of the graphs decrease to 0 more slowly as mincreases.

[0, 20] by [0, 120]

2. Aswesaw in Section 5.1, s(t) = fotv(u) du gives the
distance traveled by the object over the time interval [0, t].
Since s(0) = fo ov(u) du = 0, the integral gives the distance
traveled by the object at time't.

3. Thetota distance traveled is about 200 units for m = 1,
about 400 units for m = 2, about 800 units for m = 4, and
about 1200 units for m = 6.

[0, 70] by [0, 1500]

Quick Review 6.4

lLa=¢

2.c=Ind

B Inx+3) =2
X+ 3 =¢

Xx=6e—-3

4. 100e®= 600
=6
2x=1n6



5. 0.85¢ =25
In0.85*=1In25

xIn0.85 =1n25

In2.5

= ~ —5.638
In 0.85

6. ok+1_ 3K
In 2% 1= |n 3K
(k+1In2=klIn3
IN2=k(INn3 —-1n2)

:In—zz 1.710
In3—1In2
7. 11'=10
In1.1'=1In10
tIn1.1=1n10
~In100 _ 1 _ 54159
In1.1 logl1l
g e2=1
' 4
—2t= In(1>
4
L

9 In(y+1)=2x+3
y+1=¢e*"3
y=—1+ >3
10. Inly+2[=3t—1
y+a =t
y+2= +eitt
y=-2=+¢t!
Section 6.4 Exercises
L y()=ye
y(t) = 100
2. y(t) =y,
y(t) = 200~
3. y(t) =y
y(t) = 50e"
y(5) = 100 = 50e%
2 =%
In2 =5k
k=02In2
Solution: y(t) = 50e(%2 "2t or y(t) = 50 . 202

4. y() =y,
y(t) = 60eX
y(10)= 30 = 60e'*
1_ g0k
10k

In

~ NIFPN]|

0.1 In%= —01In2

Solution: y(t) = 60e~ @12t or y(t) = 60 - 2710

Section 6.4

5. Doubling time:

Alt) = A€
2000 = 1000088t

2 = 0.086t
In 2 = 0.086t
t=12 _gopyr
0.086
Amount in 30 years:

A = 1000098930 ~ $13197.10

6. Annual rate:

Alt) = A"
4000 = 20003
2= elSr
In2 = 15r
_In2 _
r=-lo = 00462 = 462%
Amount in 30 years:
At) = A"
A= zoooe[(m 2)/15](30)
= 2000e?'"2
= 2000 - 22
= $8000

7. Initial deposit:

Alt) = Aoert
2898.44 = %6(0.0525)(30)

Ay= 206 ~ $600.00

Doubling time:
At) = Ag"

1200 = 6002052
2 — 00525t

In 2 = 0.0525t
_ In2
0.0525

~ 13.2 years

8. Annual rate:

A(t) — Aoert
10,405.37 = 120060
104.0537 _ 3or

12
i, 104.0537 _

I 30r
12
= 1n 1080587 _ 5072 = 7.20
30
Doubling time:
At) = A"
2400 = 1200”072
2 = e0.072t
In2 = 0.072t
t=""2 _ 963years
0.072
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9. (a) Annually: 11. (a) Since there are 48 half-hour doubling timesin 24
2 = 1.0475! hours, there will be 2*8 ~ 2.8 x 10™ bacteria.
In2=1tIn1.0475 (b) The bacteria reproduce fast enough that even if many
=12 _ 1494vears are destroyed there are still enough Ieft to make the
In1.0475 person sick.
(b) Monthly: 12. Usingy = y,e", we have
12t oy ek _ o5k
- (1 . QT?) 10,000 = ye andeio,ooo Y.
0.0475 Hence 40000 _ yo—esk which gives
In2=12tIn (1 = ) 10,000y,
" 12 e = 4, or k = In 2. Solving 10,000 = y,e¥"?, we have
" 121 (1+0%%) ™ 14.62 years Yo = 1250. There were 1250 bacteriainitially.

We could solve this more quickly by noticing that the

(c) Quarterly: o ) o
0.0475 & population increased by a factor of 4, i.e. doubled twice, in
2= (1 += ) 2 hrs, so the doubling time is 1 hr. Thus in 3 hrs the
In2= 4t In 1.011875 population would have doubled 3 times, so the initial
. 10,0000
- lnoi1875 ~ 14.68 years population was e 1250.
ne 13. 09=¢ ®
(d) Continuously: In0.9= 7%108;
t = ———— =~ 0.585 days
2 — 00475 0.18
. In2 In2
14. (a) Haf-life=—==—— = 138.6 days
In 2= 0.0475t @ kK 0005 Y
In2 _
= oA 14.59 years (b) 005=¢e 0.005t
In 0.05 = —0.005t
10. (a) Annualy:
¢ = —In005 _ 56915 days
2=1.0825 0.005
The sample will be useful for about 599 days.
In2=1t1In1.0825
_ In2 !
=inioes - SrAveas 15. Sincey,, = y(0) = 2, we have:
y= 2el
(b) Monthly: £ _ 2¥®
_ 0.0825\12
2—<1+Tg ) IN5=1In2+ 2
In2 = 12t|n(1+ 0"1825) k:wzasm 25
In2 sy — 90510 2.5)t ~ 2a0.4581t
— ~ Function: y = 2¢ ory=2e
t 21 (1 N 0,05;25> 8.43 years
(©) Quarterly: 16. Sincey, = y(0) = 1.1, we have:
4t _ kt
9 (1 N 0.0:325) y=11¢
= K(=3)
In2= 4t In 1.020625 3=11¢
t= In2 ~ 8.49 years INn3=1In11- 3k
41n 1.020625

1
k= g(In 11-1n3)

(d) Continuously:

In3)y3 0.3344t

Function: y = 1.1en 11~ ory~1lle"

2 — 0.0825t

In 2= 0.0825t

_ In2
0.0825

~ 8.40 years
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17. Attimet = © the amount remaining is
Y& ¥ = ye ¥ =y e73 ~ 0.0499y,. Thisis less than
5% of the original amount, which means that over 95% has
decayed aready.
- —kt
18 T-T,=(T,—T)e
35 — 65 = (T, — 65)e” (V10
50 — 65 = (T, — 65)e (0
Dividing the first equation by the second, we have:
2= elOk
k=1in2
10
Substituting back into the first equation, we have:
—30= (T, - 65)e (N 2/101(10)
_ . 1
~30= (T, 65)(5>
—60=T,— 65
5=T,
The beam’s initial temperature is 5°F.
19. (a) First, we find the value of k.
— —kt
T-T,=(T,—T)e

60 — 20 = (90 — 20)e~ V(0

4 _ 10k

7

k=-Lin2
10 7

When the soup coolsto 35°, we have:
35 — 20 = (90 — 20)d¥10) In (7]t
15 = 70elV/10) In (47t

Ini = (ilnﬂ>t

14 \10 7
101n (%
t=""2 = 27.53min
In<7>

It takes a total of about 27.53 minutes, which is an
additional 17.53 minutes after the first 10 minutes.

(b) Using the same value of k asin part (a), we have:
_ —kt
T-T,=(T,—T)e
35 — (—15)=[90 — (—15)]¥10 In (Nt
50 = 105el(10) In @7t

21 107
10|n<%

t 4~ 13.26
In<7>

It takes about 13.26 minutes
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20. First, we find the value of k.
Taking “right now” ast = 0, 60° above room temperature
means T, — T_ = 60. Thus, we have
T-T,=(T,—T)e™

70 = 60el~1(-20)

7 Q2%

6

k=i|nz
2 6

@ T-T,=(T,— T)e ™ = 60el~120In(7O)A5) ~ 53 45

It will be about 53.45°C above room temperature.

(b) T—T,= (T, — T)e ™ = 60el~(120In(76)(120) ~ 2379

It will be about 23.79° above room temperature.

© T-T=(T,~T)e™
10= 60e(~(1/20)In (7/6))t

Inf=(-Lnl}
6 20 6
t= _201In(1e) _ 232.47 min
In (7/6)

It will take about 232.47 min or 3.9 hr.

In2

21. Usek = —= (see Example 3).
5700
e K= 0445
—kt = In 0.445
t= _In0445 _ 5700In0445 _ cor years
k In2
Crater Lake is about 6658 years old.
22, Usek = N2 (see Example 3).
5700
(a) e =017
—kt=1In0.17
{= _In017 _ 5700In017 _ 14,571 years

k In2
The animal died about 14,571 years before A.p. 2000,

in12571B.C.
(b) e =018
—kt=1In0.18
{— _In018 _ 5700In018 _ 14,101 years
K In2

The animal died about 14,101 years before A.p. 2000,

in 12,101 B.C.
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22. continued
(¢ e =016
—kt =1In0.16
~In0.16 _ ~57001In 0.16 ~ 15,070 years
k In2

The animal died about 15,070 years before A.p. 2000,

t =

in 13,070 B.C.

23. Note that the total massis 66 + 7 = 73 kg.
v =y e (Kmt
v = gg 3973

(@ 0 = [oe 2P - - 2R3 4

Since s(0) = Owe have C = % and
lims(t) = lim 22%0(1 — g=39v73) = 2190 _ 14505
to oo tooo 13 13

The cyclist will coast about 168.5 meters.

(b) 1=0e” 3.9t/73

3% ng

73
_ 73In9
39

t ~ 41.13 sec

It will take about 41.13 seconds.

24. v = y,e (¥t
v — Qg (59,000/51,000,000)t

v = Qe 59Y51,000

(a) s(t) = [9e 551000 g — 5900 saus1.000 .
59

459,000
59
459,000(1 _ e—59t/51,000)

59

and

Since s(0) = 0, we have C =

lims(t) = lim
tooo t-oo

_ 450,000
59

~ 7780 m

The ship will coast about 7780 m, or 7.78 km.

(b) 1= ge—59'[/51,000
S _ng
51,000
t= %;'”9 ~ 1899.3 sec

It will take about 31.65 minutes.

2. y=ye™
800 = 1000e~ (0
08=¢ 1%
_In0.8

10
Att=10+ 14=24h:

y= 1000e7(7ln 0.8/10)24
= 1000e%4'"08 ~ 585 4 kg
About 585.4 kg will remain.

26. 02=¢ 0N
In0.2= —0.1t
t=-10In0.2 = 16.09 yr
It will take about 16.09 years.

d
27. (@) d{ = kp
% _ kdh
p
dp _
| - [k
Inlp=kh+C
e|n\p| — gkh+C
o = €%
p = Aek

Initial condition: p = p,whenh =0

P, = A€’

A=p,

Solution: p = pye*"

Using the giving altitude-pressure data, we have
Py = 1013 millibars, so:

p = 1013

90 = 1013eM@)

90 _ 20K
1013
=12 _ 0121kmt
20 1013

Thus, we have p =~ 1013¢~ %121

(b) At 50 km, the pressureis
1013¢((¥20) In (S01013)(50) ~ 2 383 millibars.

(¢) 900= 1013k
900 ekh

1013
h= 1200 _ 20In(900/1013)

k 1013 In(90/1013)
The pressure is 900 millibars at an altitude of about

~ 0.977 km

0.977 km.

28. By the Law of Exponential Change, y = 100e™ %%, At
t = 1 hour, the amount remaining will be
100e %6 ~ 54,88 grams.

29. (a) By the Law of Exponential Change, the solution is
V= Ve (oL

(b) 0.1 = ¢~ (401

Ino.1=—L
40

t=—-401n0.1~= 92.1 sec

It will take about 92.1 seconds.



30.

31

32.

33.

() Alt) = A€
It grows by afactor of e each year.

(b) 3=¢
In3=t
It will takeln3 =~ 1.1yr.

(¢) Inone year your account grows from A, to A€, so you
can earn Aje — A, or (e — 1) times your initial
amount. This represents an increase of about 172%.

(@ s(0) = [voe @t ot = — 0T (i 4

Initial condition: s(0) =

o=-""1c
k

v.m
Yo _ ¢
K

s(t) =
- %(1 - e—(k/m)t)

o YoM —(dmt . T<m

(b) lim s(t) = lim ﬂ(l e (k’mﬁ) = YoM
tooo tooo k k

(@ 90= e

In 90 = 100r
r—mﬂ~ 0.045 or 4.5%
100
(b) 131 = €N(100)
In 131 = 100r
=181 _ 049 or 4.9%
100
% = coasting distance
(0. 80)(49 90 _ 13
We know that 20" = 132 and K = 998 _ 20
k m 33499 33

Using Equation 3, we have:
() = “07a — ey
= 1.32(1 — e 203
~ 1.32(1 — e 060

A graph of the model is shown superimposed on a graph of
the data.

[0, 4.7] by [0, 1.4]

Section 6.4

34. (@) T — T, = 79.47(0.932)"
(b) T =10 + 79.47(0.932)!

[0, 35] by [0, 90]

(c) Solving T = 12 and using the exact values from the
regression equation, we obtaint = 52.5 sec.

(d) Substituting t = 0 into the equation we found in part
(b), the temperature was approximately 89.47°C.

d

35. (a) S——kT-T)
LI
T,
[T = —kar
T,

In[T-TJ=-kt+C
T-T/=e®C
T-T,==xefe™
T-T,=AeH

Initial condition: T = T whent =0

T,— T,= Ae®O

. _ —kt
Solution: T — T, = (T, — T)e

(b) an—nm[T +(T,—T)e ™ =

tooo

Horlzontal asymptote: T = T

36. () 2y, =
2= ert
In2=rt
(= In2

r
(b)

[0, 0.1] by [0, 100]

(©) In2 = 0.69, so the doubling time is@ which is

amost the same as the rules.

(d) 7—50 = 14 yearsor %2 =144 years

263
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36. continued r=05
( o.5)x
X 1+—=
(©) 3y,=Y,e" X
10 1.6289
_ At

3=¢ 100 1.6467
In3=rt 1000 1.6485
t= In3 10,000 1.6487
r 08 108 100,000 1.6487

Since In 3 = 1.099, a suitable rule |sm or - e05 ~ 1.6487

(We choose 108 instead of 110 because 108 has more )
Graphical support:

factors.)

0.5\%
y1:(1+7> 7y2:e0.5
1 X
37. (a) X (1 +)
10 2.5937 Eaa
100 2.7048
1000 2.7169
10,000 2.7181 [0, 10] by [0, 3]
100,000 27183 (c) Aswe compound more times, the increment of time
07183 between compounding approaches 0. Continuous
e= 271

compounding is based on an instantaneous rate of
change which is a limit of average rates as the

Graphical support:

1X
n=(tes ) vme

[0, 50] by [0, 4]

(byr=2 X
X (1 + —)

X

10 6.1917

100 7.2446

1000 7.3743

10,000 7.3876

100,000 7.3889

e? ~ 7.389

Graphical support:

2)(
n=(e )=

=

[0, 500] by [0, 10]

38. (@)

increment in time approaches 0.

To simplify calculations somewhat, we may write:

n,geatfefat eat
Kk Aread
_ [mge*-1

k 41

_ mg @*+1)-2
k &+
= /M3 _ 2
k x4 1)
The left side of the differential equation is:
mS=m P9 E + 1) (2a6™)

= 4ma \/@ (&* +1)"2(e*

= 4m \/% % (eZat + l)—2(e2at)

4mgeZat
(e + 1)2

v(t) =



The right side of the differential equation is:

N

Al
_ (12 V
=g~ (1~ gy
_ B 4 4
- mg<1 R R = 1)2>
o A+ 1) -4
(€ + 1)?

_ Amge™

(e +1)?

Since the left and right sides are equal, the differential equation is satisfied.

mg eo — eo L - . ..
Andv(0) = |— ———= = 0, so theinitial condition is also satisfied.
k €+ ¢

) < tim ([T e
(B) lim v(y = lim (/"8 &5 5

i [ Mg l-e

lim ([0 3

- [mg/(1-0\_ /mg
k\1+0

k
The limiting velocity is /%.

@© /M — /180 _ 179 fysec
k 0.005

The limiting velocity is about 179 ft/sec,

or about 122 mi/hr.

m Section 6.5 Population Growth
(pp. 342-349)

Quick Review 6.5
1. All real numbers

2. limf(x) = 2 =50
X—-o00 1+0
lim () =0
X— —oe

3.y=0,y=50

4. Inboth f" and f”, the denominator will be a power of
1 + 5e % which is never 0. Thus, the domains of both are all real numbers.

—

[—30, 70] by [—10, 60]
f(X) has no zeros.

5.

Section 6.5 265
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6. Use NDER f(x), or calculate the derivative as follows.

vy d 50
F= 1750 0%
_ (1 + 5 %™)(0) - (50)(5e °)(-0.1)
(1 + 570192
25e—0.1x

- (1 4 58*0.])()2

J/\

[—30, 70] by [-0.5, 2]
@) (=, )
(b) None

7. Use NDER(NDER f(x)), or calculate the second derivatives as follows.

iy — d 2560
0= @+ se 0y
_ (1 +5e"%9%(25e"O)(~0.1) — (25e *)(2)(L + B¢~ *>)(5e”*>)(~0.1)
B (1 + 5e 093
=257 0(1 + 5701 — (5701
- (1 + 58*0.1)()3
_ 1250 0% 25701
(1450 03

A
N

[—30, 70] by [—0.08, 0.08]

Locate the inflection point using graphical methods, or analytically as follows.

f"(x)=0

12.5670'2)( _ 2.56701)(
(1 4 56*0.1)()3
25 0Be M —1)=0
—01x_ 1
5

—0.1x= —In5

=0
e

x=101In5 = 16.094

(@) Sincef”(x) > 0for x < 101In 5, the graph of f is concave up on the interval (—<°, 10 In 5), or approximately (—o, 16.094).
(b) Sincef”(x) < 0for x> 101In 5, the graph of f is concave down on the interval (10 In 5, %), or approximately (16.094, »).

8. Using the result of the previous exercise, the inflection point occursat x = 10 In 5.
" 50

Smcef(lO |n 5) = W =

the point of inflection is (10 In 5, 25), or approximately (16.094, 25).

25,

9. xz—lzzéJr B
X—4 x x—4

X —12= A(x — 4) + Bx
x—12=(A+ B)x — 4A

SinceA+ B=1and —4A = —12, we have A = 3 and
B=-2



2xX+16 _ A B

5 = +
X+x—6 x+3 x—-2
2X+16=AX—2) + B(x+ 3)

10.

When x = —3, the equation becomes 10 = —5A, and when

x = 2, the equation becomes 20 = 5B. Thus, A= —2 and
B =4

Section 6.5 Exercises

1 (a % = 0.025P

(b) Using the Law of Exponential Change from Section
6.4, the formulais P = 75,000e%92%

(©

R
b
B
bR

g e

[0, 100] by [0, 1,000,000]

2 (@ % = 0.019P

(b) Using the Law of Exponential Change from Section
6.4, the formulais P = 110,000e>1",

(©

RN
IR RN
IBEELAS S
AR AR NN
BRGNS
VRN

BN

1

=

[0, 100] by [0, 1,000,000]

dP _ k
dP _ 0.05

&= 200 P(200 - P)
% = 0.00025P(200 — P)
=_M
)P 1+ Ae X
200
P= 1+ Ae 008
Initial condition: P(0) = 10
10= 20
1+ Ae
1+A=29_7
10
A=19
o_ 200
Formula: P 1+ 190 008

[0, 100] by [0, 250]
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dP _ k
dP _ 0.02

= = 22Ep(150 — P
dt 150 ( )
dP 1
== _=_P(150 — P
dt 7500 ( )
_ M
B) P=1rae®
_ 150
P 1vne 0™
Initial condition: P(0) = 15
15= 150
1+ Ae
1+A=20_19
15
A=9
5_ 180

[0, 200] by [0, 200]
5. The growth rate is —0.3 or —30%.
6. The growth rateis 0.075 or 7.5%.

7. ‘fj—'t’ = 0.04P — 0.0004P2

= 0.0004P(100 — P)

= 00%p100 - p)
100

- Kpm —

= XpM - )

Thus, k = 0.04 and the carrying capacity isM = 100.

sodP_,_ P

Thus, k = 0.04 and the carrying capacity is M = 500.

9. Choose the slope field that shows slopes that increase asy

increases. (d)

10. Choose the slope field that matches alogistic differential
equation with M = 100. (b)

11. Choose the only slope field whose slopes vary with x as
well aswithy. (c)

12. Choose the slope field that matches alogistic differential
equation with M = 150. (a)
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1000

1+ 4807
_ 1000

T+ A0t
M

1+ Ae K

Thisis alogistic growth model with k = 0.7 and
M = 1000.

13. (a) P(t) =

1000 ~
(b) P(O) = s ~ 8

Initially there are 8 rabbits.

200

1+ 53t
200
1+e>3t
_ M
1+ Ae K

Thisis alogistic growth model with k = 1 and
M = 200.

14. (a) P(t) =

200 ~
1+ e>3

Initially 1 student has the measles.

(b) P(0) =

1person 365 - 24 . 3600 sec
14 sec lyr

P
15. (a) Note thatﬁ =
~ 2,252,571 people per year.

The relative growth rate is
dp

dr _ 2252571 _ (00875 or 0.875%
P 257,313,431

(b) The population after 8 years will be approximately
P = 257,313,431e"
~ 275,980,017, wherer is the unrounded rate
from part (a).

16. (a) Lett be the number of years.
1000 = 10,000(0.8)"
0.1= 0.8

In0.1=tIn0.8

_In01
In0.8

It will take about 10.32 years.

t ~ 10.32

(b) Let f(t) = 10,000(0.8)". So that f(t) will round to less
than 1, we actualy require f(t) < 0.5.
0.5 = 10,000(0.8)"
0.00005 = 0.8"

In 0.00005 =t1n 0.8

_ In0.00005 _
In0.8

It will take about 44.4 years.

44.38

17. (a) %; 0.0015P(150 — P)
_ 0225
150
— Kpm —
= XP(M - P)

P(150 — P)

Thus, k = 0.225 and M = 150.

_ M
1+ Ae M
. 150
- 1+ Ae—o.zzst
Initial condition: P(0) = 6
150
1+ Ae°

1+A=25

A=24

150

Formula: P = 17 24e 025

150

(b) 100 = -—— oz

1+ 24e—0.225t:

246~ 0.225t _

‘HN\I—‘NH.OI—\

e 0225t _

B
(0]

—0.225t = —In 48

t =148 _ 1721 weeks
0.225

150
+ 24~ 0.225t

125 =
1+ 24e—0.225t:

246~ 0.225t _

alrvlor

—0225t _ 1
120

—0.225t = —In 120

t=1n120 _ 5159
0.225

It will take about 17.21 weeks to reach 100 guppies,
and about 21.28 weeks to reach 125 guppies.

e




18. (a) % = 0.0004P(250 — P)

= %lpo50 - p)
250
= Kpm —
=FM-P)
Thus, k = 0.1 and M = 250.
M
P =T Ak
_ 250
1+ Ae 0t
Initial condition: P(0) = 28, wheret = 0 represents the
year 1970.
_ 250
1+ A
28(1 + A) = 250
A=20_7 117955
28 14
, _ 250 .
Formula: P(t) 17 11169517 or approximately
P(t) = — 20

1+ 7.9286e 01t

(b) The population P(t) will round to 250 when

P(t) = 249.5.
250
2495=_— 20
95 1+ 111e %114
—0.1t
249.5(1 + 1111e ) = 250
—0.1t:
(2495)(111e %) _
14
-0t _ 14
55,389
—0at=In—22
55,389

t = 10(In 55,389 — In 14) =~ 82.8
It will take about 83 years.

0.01(t/1000) _ 0.00001t

10. @) y=ye"
(b) 09 = e*0.0000lt
In 0.9 = —0.00001t
t = —100,000 In 0.9 =~ 10,536
It will take about 10,536 years.

© y= yoe—(o.ooom)(zo,oom ~ 0,819y,
The tooth size will be about 81.9% of our present tooth
size.

Yo€

20. Firgt find the time to grow from 5000 bees to 10,000 bees.
dap _ 1

a4
P(t) = 5000e>%
10,000 = 5000”2
2 = e0.25t

In2 = 0.25t

4In2=t
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Now find the time to grow from 10,000 bees to 25,000
bees.

@ _1

da 12
P(t) = 10,000e"12

25,000 = 10,000e"12

25 = et/12
In25 =L
12
12In25 =t

Thetotal timerequiredis4In2 + 12In 2.5 = 13.8 years.

9 _ 1000 + 0.10x
ot

j dx _ J dt
1000 + 0.1x

101n 1000 + 0.1x =t + C

21. (a)

In|1000 + 0.1x = 0.1(t + C)
1000 + 0.1x = +edut+0)
0.1x= —1000 + %1C o1t
x= —10,000 = 106>1€ 1t
x= —10,000 + A"
Initial condition: x(0) = 1000
1000 = —10,000 + A¢’
11,000= A
Solution: x = 11,000e> — 10,000

(b) 100,000 = 11,0006>%* — 10,000
10= eO.lt
In10= 0.1t
t=10In10 = 23 yr
It will take about 23 years.
22. (a) Using the Law of Exponential Change in Section 6.4,
the solution is p(x) = p,e %, where p, = p(0).
Initial condition: p(100) = 20.09
20.09=pe !
20.09% = p,
Solution: p(X) = (20.09e)e /10
or p(X) = 20.09e! 00

(b) p(10) = 20.09e° ~ $49.41
p(90) = 20.09e°! =~ $22.20
(©) r(¥)= xp(X) = 20.09x e~ 00
r'(X) = 20.09[(x)(e' %) (—0.01) + (e~ (1)]
= 20.09e*"%0%X(1 — 0.01x)
The derivative is zero at x = 100, positive for x < 100,
and negative for x > 100, so r(X) has its maximum
vaue at x = 100.
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23. (a) Note that the given years correspond to x = 0, x = 20,

X =50, x = 70, and x = 80.

y= 18.70
1+ 1.075e 0042

s

[0, 100] by [0, 20]
(b) Carrying capacity = limy = 18.70, representing
18.7 million people. X~
(c) Using NDER twice and solving graphically, we find
that y” = 0 when x = 1.7, corresponding to the year
1912. The population at this time was about
y(1.7) = 9.35 million.

24.76

24 @) Y = 57 g5 00

[0, 50] by [0, 15]

(b) Carrying capacity = lim y = 24.76, representing

X0

24.76 million people.

(c) Using NDER twice and solving graphically, we find
that y” = 0 when x = 38.44, corresponding to the year
1988. The population at this time was about
y(38.44) = 12.38 million.

P _ Kpny
25. = 1P~ P)
M:kdt
P(M — P)
M=P)*P 4p = kdt
P(M — P)
(l+ 1)@=km
P M-P
NPl —InM-P =kt +C
In —Kk+C
M-P
nM-P_ _w-c
=)
M—P _ +gCekt
P
M-P Aefkt
[)
M—P=APe K

M = P(1 + Ae K
M

P=— _
1+ Ae ™

26.

27.
dx

28.

29.

16.90

@y= 1 + 5.130e 00665x

(b) Carrying capacity = lim y = 16.90 representing

X— 0

16.9 million people.

Y _ (cosx)esn*

fdy = f(cosx)egnxdx

fdy = fe“ du

y=¢€e'"+C

y= snx | C

Initial value: y(0) = 0

0=e"0+cC

-1=C

Solution: y = eS"X — 1

& oy
Y- 2y-3

fy%dys= —Zfdx

Inly—3=-2x+C
y — 3= +e &*C
y =3+ Ae ¥
Initial condition: y(0) = 5
5=3+ A
2=A

Solution: y = 3 + 2e~ %

dy _x
dx vy
fy dy = fx dx
Y_oxX, e
2 2
Initial condition:
y(0) =2
2 2
2_0, ¢
2 2
2=C

2 2
Thisgiv&syE = X? +2,0ry’=x%+ 4.
But this equation represents two functions, y = +Vx? + 4.

The solution of the initia value problem is the function that

satisfies the initial condition, namely y = Vx? + 4.



dy _
. yVx
f & _ f xY2 dx
Y 2
|n |y| = §X3/2 + C
|y| _ e(zs)x3/2+c
y= i‘,5,(:(3(2/3)><3/2
y= Ae(zs)x3/2
Initial condition: y(0) = 1
1= A€
1=A
Solution: y = g2/332
31. (a) Notethatk >~ 0and M > 0, so the sign of :I_': isthe
same asthesignof (M — P)(P —m). Form< P < M,
both M — P and P — m are positive, so the product is
positive. For P < mor P > M, the expressionsM — P
and P — m have opposite signs, so the product is
negative.
drP
0) 5 = —('\/I P)(P —m)
P _ K (1200 - P)(P — 100)
dt 1200
1200 Py
(1200 — P)(P — 100) dt
1100 dP 11

(1200 — P)(P — 100) dt 12

(P —100) + (1200 — P) dP 11
(1200 - P)(P — 100) dt 12
1, 1 P 11
(1200 -P P- 100) at 12

j( 1 4, 1 )dpzﬂkdt
1200 - P P — 100 12

~IN[1200 ~ P+ In [P~ 100 = Tt + C
|n‘ﬂ‘ My c
20-P 12
P—100 _ | c 12
mo—p ~ ~¢€
P — 100 = Apllkv12
1200 — P

P — 100 = 1200Ae™ 12 — Apel1k/iz

P(1 + Aet™1?) = 1200Ae""12 + 100

1200Ae!t12 ¢ 100
14+ A 1kt/12

Section 6.5

1200A€° + 100
1+ A&

300(1 + A) = 1200A + 100
300 — 100 = 1200A — 300A
200 = 900A

© 300 =

A =

(<N \V]

1200(2/9)e*™ 12 + 100
1+ (29)et12
1200(2)e**2 1 100(9)
9 + 2et12
300(8e112 1 3)
9 + 2eMi12

(d) e e, e, e e e T, e e e e, e,
uuuuuuuuuuuu

P(t) =

P(t) =

P(t) =

[0, 75] by [0, 1500]

Note that the slope field is given by
dP

T FOO(1200 P)(P — 100).

Pk
e Efm(M—P)(P—m)
M P
M—-P)(P-m) dt
M M-m dP_
M-—mM-P)P—m d
P-m+M-P) dP _
M-—P)(P-m dt M

( 1 + 1 )dP M*m!\
M-P dt M
j( 1 4 )dP f’v' e gt
M—P P-m
~nM=P +Infp-m=M

P—m
P

M-m

In ‘
M —

P-—m_ = +gCaM—mkiM

M P

P—m_ = peM-mkuM

M—P

P—m= (M — P)AeM-mk/M

P(1 + AeM=mKM) — AMeM=MKM 4 m

_ AMeM—mKM |y
T 1+ AeMTmM

AMe® + m

AM + m

PO =20

AM + m

1+A
PO+ A) =

A(P(0) — M) = m— P(0)

m—P0) _ PO —

A= PO-M_ M-PO

271

Therefore, the solution to the differential equation is

_ AVeM—mkM 4 P(0) —
o whereA=
1+ AeM-mkM M — P(0)
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2@ P=kop

fd—pp:fk(t) dt

t
In|p| =j0k(u) du+C

p= ie(;e,];k(u) du
t
p=A Ok(u) du

Initial condition: p(0) = p,,
0

po YN 0k(u) du

p, = A

Ppp=A t
Solution: p(t) = poefok(“) du

9 9
(b) fo k(U) du = fo 1°f4u du
9

~004In(1 + u)}
0

=0.04(In10 - In 1)

~ 0.041n 10
9
k(u) d
p(9) = poeL ) du

= 100e204/n10 ~ 109.65

After 9 years during which the inflation rate is
% per year, the price of an item which originally

cost $100 will be increased to $109.65.

9
© p(9) = pOeL 0040 _ 10067049 ~ 143.33
The price will be $143.33.

9 9
) fo K(U) du = fo (0.04 + 0.004u) du

9
- [0.04u + O.OOZUZ] - 0522
0

9
p(9) = pOeL KW A _ 10062522 ~ 168,54

P _
o
[p2dp = [kat

33. (a) kP?

-Pl=k+C
1
kt+ C
Initial condition: P(0) = P,
1

P =

o ¢
c:—%
0
. P,
Solution: P = — 1 0

K= (UP) 1- kPt

(b) Thereisavertical asymptote at t = %
0

m Section 6.6 Numerical Methods
(pp. 350-356)

Quick Review 6.6
1Lf()=3%-3
(2 =3(2°-3=9
2. L) =12 +f'(Q(x - 2
=2+9(x— 2
=9 — 16
3. f'(X) = sec®x
f’(%) = =T = (V2P =2

e o

:1+2(x—z>
4

=x+1-7
2

5. f'(x) = 0.2x — 52
f'(4) = 0.2(4) — 5(4) 2 = 0.4875

6. L(X) = f(4) + f'(4)(x — 4)
= 2.85 + 0.4875(x — 4)
= 0.4875x + 0.9

7. L(4.1) = 0.4875(4.1) + 0.9 = 2.89875
f(4.1) = 0.1(4.1)% + % ~ 2.900512
(@) |L(4.1) —f(4.1)| = 0.001762

) IL(4.1) — f(4.1)]

(® f(4.1)

~ 0.00061 = 0.061%

8. L(4.2) = 0.4875(4.2) + 0.9 = 2.9475
f(4.2) = 0.1(4.2)% + 4_52 ~ 2.954476
(@) |L(4.2) — f(4.2)| = 0.006976

IL4.2) —f(42) _ _
0) =902 0.00236 = 0.236%

9. L(45) = 0.4875(4.5) + 0.9 = 3.09375
f(4.5) = 0.1(4.5)2 + % ~ 3.136111

(@) |L(4.5) — f(4.5)| = 0.042361

L(45) - £(45),

~ = 0
t(a5) 0.01351 = 1.351%

(b)

10. L(3.5) = 0.4875(3.5) + 0.9 = 2.60625
f(3.5) = 0.1(3.5)% + 3—55 ~ 2.653571

(@) |L(3.5) — f(3.5)| = 0.047321

) |L(3.5) — f(3.5)

® f(3.5)

~ 0.01783 = 1.783%
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Section 6.6 Exercises y=+eCeX—1
1. Check the differential equation: y=Ae"-1
y = di(x —1+2e)=1+2X-1)=1-2"* Initial condition: y(0) = 1
X . . 1=A—1
X—y=x—xX—-1+2"=1-2e 2=A
Therefore,y' = x — y Solution:y =2e* -1
d
Check the initial condition: S=x1-Y)
. dy _
y0=0-1+20=-1+2=1 ny* X dx

. Check the differential equation:
’:i__*X:_*X_: —X

ydx(xle)le(1)1+e

X—y=x—(x—-1-e)=1+¢e*

Therefore, y’ = x —y.

Check the initial condition:

yO0)=0-1-e@=-1-1=-2

. Check the differential equation:

y,zi e — 2sinx— cosx) _ 2€* — 2cosx + sinx
dx 5 5
X H _
2y+sinx=2<—e2 2an COSX)-irsinx
_ 26% —4sinx — 2cosx + 5sinx
5
_ 2e¥—2cosx + sinx
5

Therefore, y' = 2y + sinx

Check theinitial condition:

9 —2sn0—-cos0 _ 1-1 _
5 5

y(0) = 0

. Check the differential equation:
y =%(ex—ezx— 1) = X — 2%
y— X+ 1=(e"—e*—1) - ¥+ 1=¢"— 2%
Therefore, y' =y — e + 1.
Check the initial condition:
yo =e-0-1=-1

. Note that we are finding an exact solution to the initial
value problem discussed in Examples 1-4.

dy _

o 1+y
_ =fdx
1+y

In1+y=x+C
14y =e"C

1+y=+eC

—InfL-y=2+C
‘1 _ Y| _ e—(x2/2)—c

4o 0¥R2)—C

y=+e Ce X241
y=Ae ¥2 41
Initial condition: y(—2) = 0
0=Ae 2241
0=Ae2+1
_e2: A 2, 2
Solution:y = —€e X2 + 1ory= —e ¥A2 41
dy _
v 2y(x + 1)
Y — o(x + 1) dx
dy
=== ] (2x+ 2) dx
[ Y=l @2
Inly|=x>+2x+C
M _ ex2+2x+c
y= +eC e
y: AeX2+2X
Initial condition: y(—2) = 2
2 — Ad-27+2(-2)

2=A s
Solution: y = 2eX°+

;—‘i =y31+ 2X)
fy—zdy=f(1+2x)dx

—yl=x+x*+C
1
X2+ x+C
Initial condition: y(—1) = —1
1

C(C12+ (-1 +C
_1
c

y=-

1=
1=
c=1

1

Solution: y = ]
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9. To find the approximate values, sety, = 2y + sin x and use 11. To find the approximate values, sety, = 2y(x + 1) and use

EULERT with initial valuesx = 0 and y = 0 and step size IMPEULT with initial valuesx = —2andy = 2 and
0.1 for 10 points. The exact values are given by step size 0.1 for 20 points. The exact values are given by
y:%(ez"— 2sinx — cosx). y =2+
Xy (Euler) y(exact) Error X (improved] y (exact) Error
0 0 0 0 Euler
0.1 0 0.0053 0.0053 -2 2 2 0
0.2 0.0100 0.0229 0.0129 -19 1.6560 1.6539 0.0021
0.3 0.0318 0.0551 0.0233 —-18 1.3983 1.3954 0.0030
04 0.0678 0.1051 0.0374 =17 1.2042 1.2010 0.0032
05 0.1203 0.1764 0.0561 -16 1.0578 1.0546 0.0032
06 0.1923 0.2731 0.0808 -15 0.9478 0.9447 0.0031
0.7 0.2872 0.4004 0.1132 -14 0.8663 0.8634 0.0029
0.8 04090 0.5643 0.1553 -13 0.8077 0.8050 0.0027
09 05626 0.7723 0.2097 -12 0.7683 0.7658 0.0025
1.0 0.7534 1.0332 0.2797 —-11 0.7456 0.7432 0.0024

10. To find the approximate values, sety, = x —y and use -10 0.7381 0.7358  0.0023

EULERT with initial valuesx = 0 andy = —2 and step -09 07455 0.7432  0.0023
size 0.1 for 10 points. The exact values are given —-0.8 0.7682 0.7658 0.0024
byy=x-1-¢e" 07 08075 08050 00024
x y(Euler) y(exact) Error —~06 08659  0.8634 00025

0 -2 -2 0 -05 0.9473 0.9447 0.0026
0.1 —1.8000 —1.8048 0.0048 -04 1.0572 1.0546 0.0026
0.2 —-16100 —1.6187 0.0087 -03 1.2036 1.2010 0.0026
0.3 —1.4290 -—1.4408 0.0118 -0.2 1.3976 1.3954 0.0022
04 —1.2561 —1.2703 0.0142 -0.1 1.6553 1.6539 0.0014
05 —1.0905 —1.1065 0.0160 0 1.9996 2 0.0004

06 —0.9314 —0.9488 0.0174
0.7 —0.7783 —0.7966 0.0183
0.8 —-0.6305 —0.6493 0.0189
0.9 -0.4874 —-0.5066 0.0191
1.0 —0.3487 —0.3679 0.0192
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12. To find the approximate values, set y, = x(1 —y) and use IMPEULT with initial valuesx = —2andy = 0 and

step size 0.1 for 20 points. The exact values are given by y = —e~®¢2+2 4 1,

X y ( improved ) y (exact) Error
Euler |

-2 0 0 0
-19 —0.2140 —0.2153 0.0013
-18 —0.4593 —0.4623 0.0029
-17 —0.7371 —0.7419 0.0049
-16 —1.0473 —1.0544 0.0071
-15 —1.3892 —1.3989 0.0097
-14 —1.7607 —1.7732 0.0125
-13 —2.1585 —2.1740 0.0155
-12 —2.5780 —2.5966 0.0186
-11 —3.0131 —3.0350 0.0219
-10 —3.4565 —3.4817 0.0252
-0.9 —3.9000 —3.9283 0.0284
-0.8 —4.3341 —4.3656 0.0315
-0.7 —4.7491 —4.7834 0.0344
-0.6 —5.1348 —5.1719 0.0370
-0.5 —5.4815 —5.5208 0.039%4
-04 —5.7796 —5.8210 0.0413
-0.3 —6.0210 —6.0639 0.0430
-0.2 —6.1986 —6.2427 0.0441
-0.1 —6.3073 —6.3522 0.0449

0 —6.3438 —6.3891 0.0452
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13. To find the approximate values, sety, = x — y and use EULERT and IMPEULT with initial valuesx = 0 and
y = 1 and step size 0.1 for 20 points. The exact values are given by y = x — 1 + 2e™ %,

x y(Euler) y( improved ) y (exact) Error (Euler) Error ( improved >
Euler Euler

0 1 1 1 0 0
0.1  0.9000 0.9100 0.9097 0.0097 0.0003
0.2 0.8200 0.8381 0.8375 0.0175 0.0006
03 0.7580 0.7824 0.7816 0.0236 0.0008
04 07122 0.7416 0.7406 0.0284 0.0010
0.5 0.6810 0.7142 0.7131 0.0321 0.0011
0.6 0.6629 0.6988 0.6976 0.0347 0.0012
0.7  0.6566 0.6944 0.6932 0.0366 0.0012
0.8 0.6609 0.7000 0.6987 0.0377 0.0013
0.9 0.6748 0.7145 0.7131 0.0383 0.0013
1.0 0.6974 0.7371 0.7358 0.0384 0.0013
11 0.7276 0.7671 0.7657 0.0381 0.0013
12 0.7649 0.8037 0.8024 0.0375 0.0013
1.3 0.8084 0.8463 0.8451 0.0367 0.0013
14 0.8575 0.8944 0.8932 0.0357 0.0012
15 009118 0.9475 0.9463 0.0345 0.0012
1.6 0.9706 1.0050 1.0038 0.0332 0.0012
17 1.033% 1.0665 1.0654 0.0318 0.0011
1.8 1.1002 1.1317 1.1306 0.0304 0.0011
19 11702 1.2002 1.1991 0.0290 0.0010

20 12432 1.2716 1.2707 0.0275 0.0010
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14. To find the approximate values, sety, =y — € + 1 and use EULERT and IMPEULT with initial values x = 0 and

y = —1 and step size 0.1 for 20 points. The exact values are given by y = eX — e — 1.

x y(Euler) vy ( improved ) y (exact)  Error (Euler) Error ( improved )
Euler Euler
0 -1 -1 -1 0 0
0.1 —1.1000 —1.1161 —1.1162 0.0162 0.0002
02 -12321 —1.2700 —1.2704 0.0383 0.0004
03 —1.4045 —1.4715 —1.4723 0.0677 0.0007
04 -—16272 —1.7325 —1.7337 0.1065 0.0012
05 —19125 —2.0678 —2.0696 0.1571 0.0018
06 —22756 —2.4954 —2.4980 0.2224 0.0026
07 -—27351 —3.0378 —3.0414 0.3063 0.0037
08 —3.3142 —3.7224 —3.7275 0.4133 0.0050
09 —4.0409 —4.5832 —4.5900 0.5492 0.0068
1.0 —4.9499 —5.6616 —5.6708 0.7209 0.0092
11 -6.0838 —7.0087 —7.0208 0.9370 0.0121
12 —7.4947 —8.6872 —8.7031 1.2084 0.0159
13 —9.2465 —10.7738 —10.7944 1.5480 0.0206
14 -11.4175 —13.3628 —13.3894 1.9719 0.0267
15 -14.1037 —16.5696 —16.6038 2.5001 0.0342
16 —17.4227 —20.5358 —20.5795 3.1568 0.0437
17 —215182 —25.4345 —25.4902 3.9720 0.0556
18 —26.5664 —31.4781 —31.5486 4.9822 0.0705
19 —327829 —38.9262 —39.0153 6.2324 0.0891
20 —404313 —48.0970 —48.2091 7.7778 0.1121

5@  T=2x-1
;132’ = 2(x — D
fy‘zdy= f(2x - 2) dx

-yl=x*-2+C

Initial value: y(2) = —%

2=22-2(2+C

2=C

Solution: —y 1= x?—2x+20ry = —
1 1

YO ="z agr2- 5 %2

1

X2 —2X+ 2

(b) To find the approximation, sety, = 2y%(x — 1) and use EULERT with initial valuesx = 2 and y = —% and step size 0.2 for

5 points. This gives y(3) = —0.1851; error =~ 0.0149.

(c) Usestep size 0.1 for 10 points. This gives
y(3) = —0.1929; error = 0.0071.

(d) Use step size 0.05 for 20 points. This gives
y(3) = —0.1965; error = 0.0035.
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16.

17.

18.

d
@ o=y-1
dy _
fy_lffdx
Inly—1=x+C

y- 1= e

y— 1= xebe*

y=~Ae*+1
Initial condition: y(0) = 3
3=A¢"+1
2=A
Solution: y = 2e* + 1
y(1) = 2e + 1 ~ 6.4366

(b) To find the approximation, sety, =y — 1 and use
EULERT with initial valuesx = 0 and y = 3 and step
size 0.2 for 5 points. This gives y(1) = 5.9766;
error =~ 0.4599.

(c) Usestep size 0.1 for 10 points.
This gives y(1) = 6.1875; error ~ 0.2491.

(d) Use step size 0.05 for 20 points. This gives

y(1) = 6.3066; error =~ 0.1300.
1

The exact solutionisy = ————,
Xc—2x+ 2

soy(3) = —0.2.

(a) Tofind the approximation, sety, = 2y%(x — 1) and use
IMPEULT with initial valuesx = 2 and y = —% and
step size 0.2 for 5 points. This gives y(3) = —0.2024;
error =~ 0.0024.

(b) Use step size 0.1 for 10 points. This gives
y(3) = —0.2005; error = 0.0005.

(6) Use step size 0.05 for 20 points. This gives
y(3) = —0.2001; error ~ 0.0001.

(d) Asthe step size decreases, the accuracy of the method
increases and so the error decreases.

The exact solutionisy = 2e* + 1, s0
y(1) = 2e + 1 = 6.4366.

(@) Tofind the approximation, sety, =y — 1 and use
IMPEULT with initial valuesx = 0 and y = 3 and step
size 0.2 for 5 points. This gives y(1) =~ 6.4054;
error =~ 0.0311.

(b) Use step size 0.1 for 10 points. This gives
y(1) = 6.4282; error =~ 0.0084

(c) Usestep size 0.05 for 20 points. This gives
y, = 6.4344; error ~ 0.0022.

(d) Asthe step size decreases, the accuracy of the method
increases and so the error decreases.

19

20

21.

22.

23.

. Sety, = 2y + sinx and use EULERG with initial values

x=0andy = 0and step size 0.1. The exact solution is
y= %(ezx —2snx — cosX).

[-0.1, 1.1] by [—0.13, 0.88]

. Sety, = x — y and use EULERG with initial values

x=0andy = —2 and step size 0.1. The exact solution is
X

y=x—1—-¢e"

=
[-0.1, 1.1] by [-2.3, 0.3]

Sety, = 2y(x + 1) and use IMPEULG with initial values
X = —2andy = 2 and step size 0.1. The exact solution is
y= 26X +2x

C

[-2.2,0.2] by [-0.2, 2.2]

Sety, = X(1 — y) and use IMPEULG with initial values
x = —2andy = 0 and step size 0.1. The exact solution is
y= _e 0¥ +2 4 ¢

ol

[-22,0.2] by [-7.3, 1.1]

To find the approximate values, sety, = X + y and use
EULERT with initial valuesx = 0 and y = 1 and step size
—0.1 for 10 points. The exact values are given by
y=2e*-—x—-1

X  y(Euler) y(exact) Error

0 1 1.0 0
—0.1 09000 09097 0.0097
—-0.2 08200 0.8375 0.0175
—03 07580 0.7816 0.0236
—04 07122 0.7406 0.0284
—-05 06810 07131 0.0321
—0.6 06629 06976 0.0347
—0.7 06566 0.6932 0.0366
-0.8 06609 0.6987 0.0377
—09 06748 0.7131 0.0383
—1.0 06974 0.7358 0.0384




24. To find the approximate values, sety, = x +y and use

IMPEULT with initial valuesx = 0 andy = 1 and step size

—0.1 for 10 points. The exact values are given by
y=2e"-—x—1

( improved ) y (exact) Error

Euler

0 1 10 0
-0.1 0.9100 0.9097 0.0003
-0.2 0.8381 0.8375 0.0006
-0.3 0.7824 0.7816 0.0008
—-04 0.7416 0.7406 0.0010
-05 0.7142 0.7131 0.0011
-06 0.6988 0.6976 0.0012
-0.7 0.6944 0.6932 0.0012
-0.8 0.7000 0.6987 0.0013
-0.9 0.7145 0.7131 0.0013
—-1.0 0.7371 0.7358 0.0013

25. Sety, =y + € — 2 and EULERG, with initial values
x=0andy = 2 and step sizes 0.1 and 0.05.

@

[0, 4.7] by [0, 100]

(b)

[0, 4.7] by [0, 100]

26. Sety, = cos(2x —y) and use EULERG with initial values

x=0andy = 2and step sizes 0.1 and 0.05.

© /\/\/

L

[0, 10] by [O, 6]

f/\/

[0, 10] by [O, 6]

(b)

27. Sety, = y(% —In M) and use IMPEULG with initial values

x=0andy= % and step size 0.1 and 0.05.
@

—

-

[0, 10] by [0, 3]

28.

29.

30.

31
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(b)

—

[0, 10] by [0, 3]

Sety = sin (2x — y) and use IMPEULG with initial values
x=0andy = 1and step sizes 0.1 and 0.05.

@

f’\.—f’fﬁv{
L

[0, 10] by [0, 5]

(b)

[0, 10] by [0, 5]
To find the approximate values, let y, =y and use
EULERT with initial valuesx = 0 and y = 1 and step size
0.05 for 20 points. This gives y(1) = 2.6533.

Since the exact solution to the initial value problem is
y = e*, the exact value of y(1) ise.

To find the approximate values, let y, = 3y and use
IMPEULT with initial valuesx = 0 andy = 1 and step size
0.05 for 20 points. This gives y(1) = 19.8845.

Since the exact solution to the initial value problem is
y = e the exact value of y(1) is €.

To find the approximate values, lety, = 1 + y and use
RUNKUTT with initial valuesx = 0and y = 1 and step
size 0.1 for 10 points. The exact values are given by
y=2e*-1

X y (Runge-Kutta) vy (exact) Error

0 1 1 0
0.1 1.2103 1.2103  0.0000002
0.2 1.4428 14428  0.0000004
0.3 1.6997 1.6997  0.0000006
0.4 1.9836 1.9836  0.0000009
0.5 2.2974 2.2974  0.0000013
0.6 2.6442 2.6442  0.0000017
0.7 3.0275 3.0275  0.0000022
0.8 3.4511 3.4511  0.0000027
0.9 3.9192 3.9192  0.0000034
10 4.4366 44366  0.0000042




280 Chapter 6 Review

32. (a) Sety, = x — yand use RUNKUTT with initial values
x=0andy = 1and step size0.1.

-

[0, 10] by [—3, 10]

(b) Use RUNKUTT with initial valuesx = 0andy = —2
and step size 0.1.

=
[0, 10] by [—3, 10]

m Chapter 6 Review Exercises
(pp. 358 — 361)

/3 /3
1.f secZGdG:tane} :tan%—tanO:\/é
0 0
2 2
2.f<x+i2)dx=[1x2—x*1}
1 X 2 1
_(1 1 _/1
(0361
_3,1
2 2
~4_5
2

. Letu=2x+1
du = 2 dx
1du:dx
2
1 3 31
———dx = 18| = du
L J:I.US

(2x + 1)°
A
2 1

R

Il
|
©
—
|
©lm
=

4. Letu=1-x°
du = —2x dx
—du = 2x dx

1 0
f 2xsin(1—x2)dx=—fsinudu=0
-1 (6]

5. Letu =sinx
du = cos x dx

w2 1
f 59n3’2xcosxdx=f5u3’2du
(0] (0]

:5.3u512:|1
5 0
—2(1-0)
~2
4 2 4
6. X %= x+3dk(x#0)
1/2 X 1/2

4
= <1x2 + 3X):|
2 i

(L
—(2(16)+
_ (1) 3
)~ (53) -3
=20 (14—2)
8 8
—o0-1
8
_
8
7. Let u =tanx
du = sec? x dx

8. Letu=Inr

du :ldr
r

f\/lrn—r dr = Llul’z du

1
_ Zuslz]
3 0
_ 2
=2a-0
-2
3

9. Letu=2—-sinx
du = —cos x dx

—du = cos x dx

ficos,x dx = —P du
2 —sinx u

—Inju + C

—Inj2—sinx + C



10. Let u=3x+ 4
du = 3 dx

L du = dx
3

X
_1J—JJ3
3 ==
Vacra ot M
1 3 93
==+ c
3 2
1

§y+@%+c

11. Letu=t2+5

du = 2t dt
Lau=tdt
2
tdt 1(1
== +
Jt2+5 )5 du= In|u| C
—|n\t2+5\+c
lln(t2+5)+c
12 Letu =+
0
m=—%w

fizsecltanldaz —fsecutanudu
0 o 0

=-scu+C
- —sclic
0
13. Letu=Iny
1
du==d
y y

f@dy =ftanudu

jsnu
cos u
Letw = cosu
dw = —sinudu
= —J'ldw
W
=Inw + C
= —Inlcosu + C
= —Infcos(Iny)| + C
14. Let u = €*
du = e*dx

fexsec(ex)dx :chudu
=Injsecu+tanu + C
= In|sec (") + tan (¢") + C

Chapter 6 Review

15. Let u=1Inx

du=1dx

[ o

=Inlu+cC

=Inlinx + C

16. J = t3/2
=ft’3’2dt

-2 Y2+ C

--24c

Vi

281

17. Use tabular integration with f (x) = x% and g(x) = cos x.

f(x) and its g(x) and its
derivatives integrals

x°

COos X

+)

3X2 ( ) sin X

/

6x —C0oS X

*
6 ( ) —sinx

//

0 COS X

J'XP’ cos x dx

Ssinx + 3x2cosX — 6xsinx — 6 cosx + C

=X
18. Let u = Inx dv = x* dx

du = L dx v=210
X 5

fx“lnxdx =L Inx— f1x5<1) dx

5

1x Inx — 1fx dx
5

=L Inx—- x5+ C
5 25



282 Chapter 6 Review

19. Let u=e* dv = sin x dx

22.

du = 3e® dx V= —COSX

je3xsinxdx =¥

COSX + JS cos x e dx
Integrate by parts again.
Let u = 3 dv = cos x dx

du = 9e¥ dx v = snx

fe3xsinxdx = —eXcosx + 3e¥snx — f9e3xsinxdx
1oje3"sinxdx= —e¥cosx + 3e*snx+ C
fe3xsin x dx = 1—10[—e3" cosx + 3e¥sinx + C

_ (Ssnx _ cosx)e3X+ C

10 10
20. Let u = x? dv = e~ ¥ dx
— — 1 —3x

du = 2x dx V= —ge

fxze* X dx = —%xze’ x4 % f e~ ¥ dx

Let u =X dv = e ¥ dx 23.
du = dx v = —%e’3x
= Loe-x 2 Lye-axy lfe’ 3 dx
3 3 3 3
= Leex _ 2o, 2 fe’sx dx
3 9 9
= Loe 2k 243 ¢
3 9 27
2
= —X__g_i e*3X+c
3 9 27

21 = =

y =X+ X +gx3+C
24.
y(0)=C=1
2
y:X—+X—+x+l

Graphical support:

VAR
B
.,

L

5555555555
N\

O

e

LRt
0 [
ERCTCEu s,

T
»
2
g
|
w
)

ﬂ: X+1)2
dx X
12
dy = x+; dx
2
J'dy=fx+l dx

_13
y =X
y=3+2-1+C=1
4
Z+C=
S+ C
c=_1
3
x3 1 1
=2 4 P
y=3 1t 3

= =
-~ -~
-
7 o
-~ ~
-~ =
[—2 2] by [-10, 10]
dy_ 1
dt t+4
_ 1
t+4

y=Inlt+4+C
y(=3)=In())+C=2
C=2

y=In(t+4) +2
Graphical Support:

g
- ————

e
WA R
IRERL R}
RS

=

i
L]

A - -
P

[-45,5] by [-2, 5]

——
-

- ————

dy _ Csc 26 cot 26
do

dy = csc 26 cot 26 df

fdy = fcsc 26 cot 260 do

y=-3cx20+C

T 1
Ll=—-—=+C=
y(4) 2 Cc=1
c=3

2

———— — -

[0, 1.57] by [-5, 3]



ay) _ 5, 1
25. i 2x 2
, 1

[E% =f<2xfx—12> dx
y =x2+x1+C
ya) =2+C=1
c=-1
y =x2+x1-1
[oy

y=%x3+lnxfx+c

f(x2 +x71—1)dx

y =3+0-1+C=0
-24c=0
3
=2
3
3
y=x—+lnx7x+g
3 3

Graphical support:
3

Letf() =X + Inx— x + 2.
3 3

We first show the graph of y = f'(x) = x> + x 1 — 1,

x > 0, along with the slope field for y’ = f"(x) = 2x — X—lz

—
(I
s
WA
W

B
=
1dl
[N
AR
BB ARERN
R
W R

[N RRRT R LAY

N[ o

=

[-05, 4.21] by [—

We now show the graph of y = f(x) along with the slope field

fory =f'()=x>+x1-1

SRR RLSEE
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dr”) _

——~ = —cost
dt

d(r") = —cost dt

Jd(r”) = f—cost dt

r"=—-sint+C
r'(0) =C=-1
r"=-sint—1

Jdoy = [(=snt - 1) at
r' =cost—t+C
rO0) =1+C=-1

c=-2

r=cost—t—2
fdr =J(cost—t—2) dt
2
r=sintf%72t+c
r=C=-1
. t2
r=snt———-2t—-1
2
Graphical support:
We first show thegraph of y = r” = —sint — 1 along

with the slope field for y’ = r” = —cost.

Next, we show thegraph of y = r’ = cost — t — 2 along

with the dopefield fory’ =r” = —sint — 1.

i el [ L T B
h e R
R Ut T T
LY it [ T B
A
=

Wb — Nk
M e b T
L T ] Ik LR B
Wb e — =] b
[-6.4] by [-3, 3]

2
Finally we show thegraph of y = r = sint—%— 2t—1

along with the lopefieldfory’ =r’ = cost —t — 2.
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28.

29.

y0)=C-2=2
C=4
y=14e"-2
Graphical support:

[—5, 5] by [—5, 20]

Yo @ty +y

W (2x+ 1) o

y+1

y+1

Inly+1=x>+x+C

y+1=Ce’tx

y=Ce¥™ -1

y(-)=Cc-1=1
c=2

y=2e""%~1
Graphical support:

e i m m———
F S

e —

[—3, 3] by [—10, 40]

[=100 dx = = [ o

=-1+Vx+C
Since —1 + Cisan arbitrary constant, we may write the

indefinite integral asVx+ C.

Y= [x+ 1) o

-1-Vx+C

30

31

32.

33.

35.

36.

37

ox+ fe01 ax =[x+ [0 o

2
=2+~ VY +cC
2
=2 +1-Vx+c
Since 1 + Cisan arbitrary constant, we may write the

2
indefinite integral as"E -Vx+cC.

J12600 — g1 ok = 2[¢(x) ok — [g(x) ok
=20-VX) - (x+2) +C
=-2Vx-x+C

Jta60 — 41 dx = [g() ox — [4 dx
=(x+2—4x+C
=2-3%+C

Since 2 + Cisan arhitrary constant, we may write the

indefinite integral as —3x + C.

We seek the graph of a function whose derivative is %.
Graph (b) isincreasing on [—r, 7], where % is positive,
and oscillates slightly outside of thisinterval. Thisisthe
correct choice, and this can be verified by graphing
N|NT<¥, X, 0, x).

X2

. We seek the graph of a function whose derivative ise™ ™.
Since e ¥ > 0 for al x, the desired graph isincreasing for
all x. Thus, the only possibility is graph (d), and we may
verify that thisis correct by graphing NINT(e™*, x, 0, X).
(iv) The given graph looks like the graph of y = x2, which
&atisfi&s% = 2xandy(1) = 1.
Yes, y = xisasolution.

dv
@ =2+

(€)] & 2+ 6t

Jav=[(2+ 60t

v=2t+3t2+C

Initial condition: v=4whent =0

4=0+C

4=C

v=2t+3t2+4

1 1
() [viyde = [ 2+ 32+ 4 at
0 0 1
=[t2+t3+4t}
—6-0
-6

0

The particle moves 6 m.



38.

[—10, 10] by [—10, 10]

39. Sety, =y + cosx and use EULERT with initial values
x=0andy = 0 and step size 0.1 for 20 points.

X
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
11
12
13
14
15
16
1.7
18
19
2.0

y
0

0.1000
0.2095
0.3285
0.4568
0.5946
0.7418
0.8986
1.0649
12411
1.4273
1.6241
1.8319
2.0513
2.2832
2.5285
2.7884
3.0643
3.3579
3.6709
4.0057
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40. Sety, = (2 — y)(2x + 3) and use IMPEULT with intial
valuesx = —3 andy = 1 and step size 0.1 for 20 points.

X y
-3 1
—29 06680
28 0.2599
—27 02204
26 —0.8011
25 —1.4509
—24 —2.1687
-23 —29374
—22 —37333
—21 —45268
—20 —5.2840
-19 —59686
18 —6.5456
-17 -6.9831
16 —7.2562
15 —7.3488
-14 —7.2553
-13 —6.9813
~12 —6.5430
~11 —59655
-10 —5.2805

41. To

estimate y(3), sety, =

X~ 2 and use IMPEULT with
X+ 1

initial valuesx = 0 and y = 1 and step size 0.05 for 60

points. This gives y(3) = 0.9063.

2 _
42. To estimate y(4), set y, = Xiiy” and use EULERT

with initial valuesx = 1 andy = 1 and step size 0.05 for

60 points. This givesy(4) = 4.4974.

43. Sety, = e **¥*2) and use EULERG with initial values
x=0andy= —2and step sizes0.1 and —0.1.

@

[—0.2, 4.5] by [2.5, 0.5]
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43. continued

44,

45,

46.

(b) Note that we choose a small interval of x-values
because the y-values decrease very rapidly and our
calculator cannot handle the calculations for x = —1.
(This occurs because the analytic solution is
y=—2+In(2 — %), which has an asymptote at
x = —In2 = —0.69. Obvioudly, the Euler
approximations are misleading for x = —0.7.)

[-1,0.2] by [-10, 2]

2
X°*Y and use IMPEULG with initial
e + x

valuesx = 0andy = 0 and step sizes 0.1 and —0.1.

@

Sety, = —

[—0.2, 45] by [5, 1]
() T

[-45,0.2] by [-1, 5]

(a) Half-life= %
_in2
2645="10
k=12 _ 0262059
2.645

(b) Mean life = % ~ 3.81593 years
— —kt
T—T,=(T,~ T)e
T — 40 = (220 — 40)e™
Usethefactthat T = 180 and t = 15 to find k.

180 — 40 = (220 — 40)e~ K19
sk_ 180 _ 9

T — 40 = (220 — 40)e~(V15) In (M)t

70 — 40 = (220 — 40)e” (V19 In @)t
W15 In @)t _ 180 _ ¢

30

(i In g)t =In6
15 7
_ 15In6
In (9/7)
It took atotal of about 107 minutes to cool from 220°F to

70°F. Therefore, the time to cool from 180°F to 70°F was
about 92 minutes.

=~ 107 min

47. T-T,=(T,— T)e'™
We have the system:
— —10k
{39 —T,=(46—-T)e
— —20k
33-T,= (46— T)e

39-T 3B-T,

Thus, —S = e 1% gnd == s = =K
46T, 46T,

Since (e 1%)2 = =2 this means:

39-T )2 33-T,
46-T) 46T,
(39-T)2=(33-T)46-T)
2 _ 2
1521 — 78T + T2 = 1518 — 79T_+ T_
T.=-3

The refrigerator temperature was —3°C.

48. Use the method of Example 3 in Section 6.4.

e K = 0995
—kt = In 0.995
t=-11n0995= —2"% 0095 ~ 412
K In2

The painting is about 41.2 years old.

49. Use the method of Example 3 in Section 6.4.
Since 90% of the carbon-14 has decayed, 10% remains.
e =01
—kt =In0.1
t=-2ino1=-2%n01~18935
k In2

The charcoal sample is about 18,935 years old.

50. Uset = 1988 — 1924 = 64 years.
250 't = 7500

e =30
rt =1n30
_In30 _In30 _
= T 0.053

The rate of appreciation is about 0.053, or 5.3%.



Chapter 6 Review 287

51. Using the Law of Exponential Change in Section 6.4 with 150
(c) 17 &3 125
appropriate changes of variables, the solution to the 6 _ g4 gd3t
) . Lo _ . 5
differential equation isL(x) = Le ™™, where L, = L(0) is 1_ st
5
; ; _ 18k
the surface intensity. We know 0.5 = e™** s0 In5 =43t
In0.5 ;
k= T and our equation becomes t =43+ In5~ 59 days
L(x) = L gno9e1s) — (1 " \We now find the depth
0 o\2) - It took about 6 days.

where the intensity is one-tenth of the surface value.
54. Use the Fundamental Theorem of Calculus.

. == X
2 y’=£([ sintzdt>+£(x3+x+2)
InO.lziInG) ‘o o
18 \2 = (snx® + (32 + 1)
_18In01 _ o0 )
In0.5 y' = (s X2+ 3x% + 1)

You can work without artificial light to a depth of about
= (cos x)(2X) + 6x

59.8 feet.
= 2x cos (x?) + 6x
52. (a) ﬂ = E( -y) Thus, the differential equation is satisfied.
f f kA Verify the initial conditions:
—|n\c— :—t+c y'(0) =(sn0? + 300> +1=1
0
|n\c—y1_—’t— ¥ = [ sn@?) dt+0*+0+2=2
(6]
— a—(kAWt—C
o=yl =e (W 55, f:o.oozp(l—i)
anc dt 800
c—y==*e _
Y @ 0.002F>(800 P)
y=c* e*(kA/V)tfc dt 800
800 _
. . BO-P)+P p
Initial conditiony =y, whent = 0 P(800 — P) dP = 0.002 dt
1 1
=c+D =+ =0
Yo f(P 8007P>dp 0.002 dt
Yom¢=D In|P| — In|800 — P| = 0.002t + C
Solution: y = ¢ + (y, — c)e” *¥Wt P
In 500 —pl = 0.002t + C
(b) lim y(t) = lim [c + (y, — c)e®¥) = ¢ -
too toos In BOOP‘ Pl— —0.002t - C
150 150
53. (a) P(t) = 11683t 14 Mt 800 — P _ -0002t-C
ThisisP = — M whereM = 150, A = &*2, and P
1+Ae 800 — P _ , ,-Cg—0.002t
k = 1. Therefore, it is a solution of the logistic P
800 _ Ap—0.002t
differential equation. B 1l=he
dP _ 800
- P(M P), or 4 i P(150 P). The P = pe 00

carryin acity is 150.
ying capaatty Initial condition: P(0) = 50

800
150 =_9r
(b) P(O) = 5 = 2 D=1
Initially there were 2 infected students. 1+A=16
A=15

800

Solution: P = ————+-
1+ 15e-0002
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56. Method 1-Compare graph of y, = x? In x with

3
Y, = NDER(X Inx _ §> The graphs should be the same.
Method 2-Compare graph of y, = NI NT(x? In x) with
_x%Inx _

3
A 3 % The graphs should be the same or differ

only by avertical trandation.

57. () 20,000 = 10,000(1.063)!

2 =1.063"
In2=tIn1063
- _IN2 9135
In 1.063

It will take about 11.3 years.

(b) 20,000 = 10,000e%-063¢

2 — 0063t

In2 = 0.063t

t = In2
0.063

It will take about 11.0 years.

=~ 11.002

58. () f'(X) = % fo " u(t) ot = u(¥)

9'00 =2 ["u = v

(b) C=1(x) —9(¥

=fxu(t) dt—fxu(t) dt
0 3
X 3

= [uwdt+ [ v
03 X

= [ u o
0

56.0716
1+ 5.894e" 0.0205x

L

[—20, 200] by [—10, 60]
(b) The carrying capacity is about 56.0716 million people.
(c) Use NDER twiceto solvey” = 0. The solution is

59. (@) y=

x = 86.52, representing (approximately) the year 1887.

The population at this time was approximately
P(86.52) = 28.0 million people.

60. (a) T = 79.961(0.9273)"

[—1,33] by [-5, 90]
(b) Solving T(t) = 40 graphically, we obtaint = 9.2 sec.
The temperature will reach 40° after about 9.2 seconds.

(c) When the probe was removed, the temperature was
about T(0) = 79.96°C.

v.m . .
61. OT = coasting distance
(0.86)f(30.84) — 097
k = 27.343

() = 51 - ety
S(t) = 0.97(1 — e~ (273433034
s(t) = 0.97(1 — e~ 080
A graph of the model is shown superimposed on a graph of

the data.

[0, 3] by [0,1]

Chapter 7
Applications of Definite Integrals

m Section 7.1 Integral as Net Change
(pp. 363-374)

Exploration 1

1.s(t)=f(t2 8 )dt:f+i+c

Revisiting Example 2

EE 3 t+1

_0 8 - -
s0)=—+—+C=90C=1

3 0+1
Thus s =5 + 8 +1

' 3 t+1 7

3
2. s(l)zl—+ 8 +1:E.Thisisthewmeasthe

3 1+1 3

answer we found in Example 2a.

8
5+1

found in Example 2b.

+ 1 = 44. Thisis the same answer we

53





